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I .S. « lo 
ON yit^q^jgP^jyyXffH^g SiaigfiiTIOM I^RgPIAE Of 
i^W^MMMMMMMiJtLi: 
AHiiFFtrtatioB eutei t t td in tha part ial fulfilBtnt 
of th« rtoulraROite for tha dagrat of Karter of Philof^p)^ 
in 
MATHEMATICS 
Undar tha rupanrieion 
OF 
Up* U* A* Pathao 
Beta.?".^ .^J^^J^2.^  
(li) 
w^m 
fhis ftmm mCk tntltltd « On fiait* mA Inflsiit* 
sumatlon foxemla* of wmm spteial tmotiam**t» di»tigB0d to 
proewt a igrstoBotle ozpeeltlen of the part ef apooUl fonetlcaief 
wMeb has booii provod Tsxy imi^ ueeftil in siiraral hraaehos of 
HathoBBtlce* 
^ cashltiOB has hom to oscpoea tha euh^act aattas* is 
oenoleo way* Cueh a goal eatmet t>8 ntaehaflf i t am <nly ht 
apyroxisatod. 
Ih this dieBertation, thara ia an «p«to«data acooont ef 
raeaar^iae dona in tha raeant jearo and tha direoticn of 
davalopetant in tha fiald of applied (nathaBstica. 
fha toplo haing of vezy rido vanii^ an attaopt has baeft 
iiada to giva ttp<»to-data ragalta eimearaing tha h3n(>avgaoiBatFie 
fonetionB of ena and nora tairiahlaa* 
MOTBtrrsfp i t ia sleo not poaeihla to oorarop vholo of tha 
euh^et sattdTt hanea tha rafaraneas ara givan in ** BihXiograpl^ *^'* 
(iij| 
We are 'vvwt^ ly eenoemed with tte werkm of Barold Iztaa 
R*X«llfiiiooh&, B.R.BIioneXet S« 8«miZi«90B<»ai«fV*A*4l'*fialaoi 
and K.A*Path«a together with Tarioec other workerfi. 
(In 
X m txtraitly S»dtt>ttd t© Br.»a.Patlian for hie 
valuable eoirltual guldanoa, kind ancoaragaBitfit ffeelpful 
eiscptrvleioti BSA tiaoiesaxy mestc^^^s t b s m ^ out th« 
prcparatioa af ttoln dieeartatiOB* 
X m also hl^Oy thanlful to Irof.S.Xihar Huealn, 
Haad of tbo PapartBtBt of MathaBatioo for providing no 
xiaooprary valuabla auggaatloneitycipathatlc ooneldaratlo&e 
end all tha naeapiary faoHltiaa of Samlner library* 
Wy tbssks ara dua to Ibf. Saiicln iai Klian for typing tht 
typloel l^ athffDatlcAl axpraaalona so baautifUlly and Llbrazy 
Xne&arga for halping In eolleotlona of raQUired material daring 
tha coarea of nrlting thle dloaortatlOB • 
X d.eo thank all thosa paracaiB vho halpad ma in prapajrattlon 
of thia die Bar tat imi* 
Hoirovart i t ie not unllkaly that aona typographieal 
snd othar errora ©ay ptriiat for n^oh I hopa that I ahall 
( • ) 
ta •3ccttt«d rftfurding B« at biBBftB balng « 
Metoitnad Zdrle ouraslii 
Dattdi- I5th !fov«BTaer,1980» 
DaT^ ertRafit of ^etliainatiest 
Allgerh mjiliw Tmiveralty, 
(vi) 
In th« year 1929* tlie llt^ffattir* d«ftllBg with 
gfiitralisad tayptr^iaoiittrle eeriat wee •«•• wliat flofttttred 
bat in thftt y9^ ^rotaem^r C*H«Uprdy ffiiiaiplifd hie pp«y[^(4r] 
"^ ^fajlir f^fop f^«»"«afff^ ^^ f^ - P99^" An which h« gev» 
r^  eeoount and proofs of the rerulte than known ,p]ort of 
whieh had baan radie^co verad hy Renaittt^* riaot than 
Btnnaroita paperr hava ha«i irittan en tha auhjaet* fha 
prlsiary ohject of thia dierertetion i^ to oollact aiora 
of tha rpaciel rftfulta , ohteinad hy ona Bathod or eriothsr* 
No attaeipt hee baan stada to giva a eoisplata aceount of 
tha proof a of tha rapulta ohtainad^Ja fact tha work IB to 
Inclnda tha hirtorie origin end dafinition of tha basic 
roretvlap relating to and e bibliofiirephy for tha all remits 
invented or inTaatigatad. 
Thie diFFertetion ooneiete of eix chepierB and three 
J^ ppendicea in al l . 
Chap.ier X ie devoted to a detailed eeoount of defiiiitions 
and different relations to Gauep*e hypergeocetric function (if,) oi 
one variable ;in whieh baric facta and rttulta are difcurbed* 
Chapter II deale with the concept of c«nfluant hypar-
i^ eomatric function C^^ *.). 
Chapter III deale with the theore»sconcerning tha 
( • u ) 
RAOaralised hyt)ftrf;eo»»trlc function (p q) 
Chapter;^!! and III (for on* varielblt} ar« eort ipJtoialisEed 
in neturt ana attaoptp hsve baes mt&9 to give eosiCrabeniiira 
aeoounta of tha topice which hevo baoa traatad. 
Chapter H daala with tha preVlaffis eoBeaxniiig with 
bjrperisrtonetric fttDetioft!>of two varlablae. 
DafinitlonE^u^ii^v by /ippall» which era al l analogoui? to 
Oeusa hypergaoffietrie function, hava baan givm» ftandertf worlc 
on tha iiitbjaet \^ Appall end EaiBpa da Fariat har baan includad* 
Jn diopter r .Ihava givm about tha etitdjr ef tha 
faypargaovattio function^of thraa VBriablatf ^ u r f t ^ Laurieallat 
reran ate, gava^onn inpartant taeaful ftmctiona* 
m diaptsr 13,1 hava ^ivan tha application^ef epecial 
functioB^Meh era Tidaly usad in appliad amthaeatiea ia tha 
cvdam ap:a* 
HB appandicet^I hpva plvw:? eimpla proof^ S for Xasrandra*a 
dopliertien fomula and Geia{*s*6 miltiplioation th^ Hsrav ate* 
Towerde tha and I hava givan a eoiRprabuMneira 
Bibliogrcpbgr of a l l pnblioBtionf^, Kaf(aar<di papers and other 
rela^mt literetora ^o which rtfareneae have bean Bade in the 
body of the dierartation* 
(vill) 
1*1 • latrddtaotlM 
(3/ 
(froof ©f lal©r«s fem) 
l . i . fransfoJSiatloas for j>f- (SIB^JI© iila©'^ ami 
laaar^^ transforatopoo^ ©f I a ^ t l Siiiiol© 
e 
Oai^ s*© stccaji siB«m3ioa theor®i9,Ball«y'8 
1.6, Blff©r@ati<itioaj ©f ^^ ^ © 
1.7. Ooatlguotts **ufictl0a9 f©r •^4 t«a« A flalt© aottbXe amaKiCtioa of g^t 
1#9« Dailleatlea aad ©tlier ^onpalae for 
t«tO, f^©latloabti0tw«8a JiCdtjt polyatmlals, 
(Ix) 
1.11. Sorae generatiJig fuaotlone o^r tlis i»^iiot ©f two 
2*1• lAtrodttOtloa 
2.2. ^f^ as a llisltla^ oast ©f ^ F^  
2«3« Ooatlguoiio relatioas for F^^  
r,4. Blfftrtat lnt«gml reprsoeatatioasfor «y^ 
2.5. S^asfonaatloo^aai^ SusasaC i^oii thsornwB for ^7. 
(^ roofviof laoEKM?*© I fenaula mift Raiiaaia;laa*e 
2.6, Stto«esal\>-fe i l^ftreatiEllea of |F-| 
2.7• Ii«a»la«© traaBforsatloa of f^-
2*3. r^perg@omotrlQ foxm o^f a&ms fuaotio^ 
Oiiapttir^IIl* deaerallaed "^ergeoiwitrle A«^-^»-^ /-.f ^ 
3«1. latrodaotloa 
5.2. Blffer^at earlts acoofilag t© auRwitloa of 
paraBstiTB C^^-o^^H^^) 
3«5« franp '^csrratloas ©^  Jt (froof of I fui*3t%s«atal 
traaafoi^ntlon). ' 
(x) 
5»4# Stts«»tloii thuQTmsf&v Jf^ifveot^ef Dtjton^ 
3*3m k uW^lttt«9gr€i for «f 
5*6. ^ A^|a^ lattgraX f«r -^ f 
3*?» i®« ^oitdratiiiif ftmotleas for Jaeebl^ aaS 
lAfimrro^9oIyii^lAl;s«it^ "tiio htlp of ? 
5»8. Sow laoatttlos IsvolTlmg „F 
Cha^tor-lV- Hyatrgoosetrlo fuaetioasef turo farlat»l»6 
4*1* XntrodiKitloii 
4«^ « JlpnaJl's hyporgtoaetrie fairtloii/>of tto 
4»5, Bout»le tfl*«gril rearesoatnitioa of Aopell^s 
fuaotloa f* {(^X\^^^XJA) 
h (C 
4.4. Sofl» new rtnidts lavolviag App»ll»8 ftm r^tlon 
4»5* tmm dio Farlot's fimotlon 
4.6. a«m'. eanotlow @ 
4»7« laf lalto »iw of H* (f 
4«S« Hamt}«rt^ fiiaetloas* ® 
4»9» Tlis eoaflu oat do«a»le hs^arfftoiotrlc fiiaetio»^@ 
(xt) 
4«tO» fwtiity six oi^ aiOBloai for deitMe ooaflueat 
4»tt» fiilttalBr'e fuit^Jtleni aal I»fti?iit«S*r»^  
Giiapter-?- %^«rg©of9«trlo ftta<itl©a»>of tlaroe f^lablta 
i«1. Itttx^duetioii 
5*2» IRaiA trlf>l« hypergtonttrle fimetloas of 
5#5« SrlfiiBtam'a fuaottoa^ 
5.4. ?ai^f|^B fimotlons © 
5.5. Aa txpaastott •^ orOT[la\«^? '^^ ^4S^u* '^** '^ (Q)) 
5 , 6 , S»^^w/vK^(^ ,f<.?Vv»vJU^ ^ i r a t ^ - ^ t^jvfi^ 
5.7.T^®sai!ral triple Jiyptrga^setrlo s«rl«8 (f^ 
5.9. A r#latloB bettteta F^ aad F§* ( ® 
5.3,AVVMJUV5^ f f ^ ^^  "^ TA- t ^ *^ ' ^ ^^ '^^ '^ @ 
S.IO.Certala coanatat feyp@r^oaetrlo ftiacttoap 
of threo ririablos 
(xll) 
Gha|»t«p-?I- ApalloatloiK? of apeolal fimstloas 
6«t, latroductloa U i ^ 
6.2« Apai'^tlonB of dl*<*ftreat fuaotloas QA^  
6.3. A^iliflatlons of B?aItlplo h^or^^ooRotrlo ^Y'-^^^@ 
(?roott>of Leg®!^ re*8 dur>iicatlon foroulafChattso's wultl|A' 
cation thsorer and Brauatloa of oertaln Infinite. 
prodttot)* 
^•^* latrodaetloB i— la this chapter we shal l begia 
the study of byper^oaetrtc fuaotioa ©f oae varlahle. 
Definltioa t^fha fuactiea ir(«) « S «—*— iT-.® 
Is a solutioa ©f the l iaear d i ^ r e a t l a l eqoatloa ©f Beuon-i 
order glTea hy [ 25 j^^ '^ ^^""^] 
f d 
Or [^ bth* "^**-^ ]^ 
day 
d^w(z) dw(a) .^^  
2 ( i . s ) •—»-— -^  [o-(a+b^1)zJ " • abwCz) « o ^ ' — ^ ^ 
d2 ds 
J,t Is also called hypergeoaetrie dlff^reat ial oqaatloa on 
Qatt8a*B eqoatloai The eleaaeat s ^ Is called th i tarlable of the 
ser ies , nay he rea l or cooplex. 
Here a^h ajsm aumerater parameter^aad c i s <3i 
deaoBilaatOn para^mictiJx^BaraBieters may he real or arbi t rary 
com ilex auBbtrybaiKl tade-iei^eat of a, c Is aeither eero aor avvs^*^ 
j^\S^-im/\^ 7erle6d)ls ie-^'inei -^W^ atb wtkv be zero or aegatlte 
lategers then nerleslijterfBlaates. 
In t>\e h&yuJi-'^ (D,"*^ (^\f (b)^ ^^ ( Q ) ^ "^J^es 
10 v? iions are Imown as i^ ocMiainmer syiD'bo3i')or f a c t o r i a l 
k=:l 
.^ -lior^oDXLC. n Is a pos i t ive integer 
awd (a)g » 1 — ® 
I^^^a lS^ t / i t ' iimsfcloi 2^1 tJC6discovered l^ y VO^iltA •^ •i^ o^&^^ -^^ e 
S^'^'cB'^ of d i f f e r e n t i a l equatlon{l) ^ ^(-^n?^^, '^^^^'^"^ - ' ' ^ 
I'lae eolutiO'i wiz) In aluo wr i t t en in the 
^ypergaondtric form 
a, b 
; s ^1 " 2^1 
Wa«ri j 1-aj < I , the'asolution/> are 
' ^ ! 2 I < I © 
W3 = 2^1 ai"Df1-C , 
Ot/V' v l ® 
e-a-b 
u>-4 - (1--25) 2^-1 •a,o-as 1-z 
0+1-a-t; ® 
UHiien ! 2 I > ! , tr.3n ablution's BTQ 
i^ ^~rf p 






J • J 
@ 
(B 
-H' c Is not an in 'egar , i^ second iifie.jendent solut ion 
i s given t y ^ + ^ v^©^> 1'^  1 <\ 
1 ~ C T-, a+l-c , b+1-o • 
s ® 
1-c 
Sr..eoial C ci??e "-Al' : a = c, t » 1, we jcjet the elementary 
{rrjoEioxric B=r?les X ss ^b^noe t>ip term TW«?vc^eoTnetric i s 
hy/ergeoisetr5-o v?ai=' u^^by- f a l l i s in h i s 
vvork in 1665. 
V 
CO'TVKROmfQ:^ ) OF THE SERIES ^^^ t 
Jfrom hypergeometric function © 
Let A,^  = 
(aL(b) 
-^ ^— z" be the general "Wm of ^ i^ series . 
(a) 4 (b) * z 
F R ^ A « ••„, Ml,....ail ^ISle^uv/^^thA orooerty of factorial 
l l U l n+l 
a 
=: l l f f i 
Yfca 
a+n-rl |bi-n+1 fc «'*'''' [a|bfc«i[a_ 
1 
a: 
fafb I G^n l^ I n»1 j a»n |b-<-n [Q •S'* 
(a+a)(b+n) • 
Itei 7*— ^ 
n*« (c+n)(n+1) 
•15-1 J> © 
rroBi v^loh i t foil01.78 by /?4>'lipbartVg "^tjlp t^^st •f^id,''^ 
aoiuof at b , c is sezo or ae~p,tlvo Inls-^ ^o? tben 
(1) Tbe seriee conv©rg€>^ > for \11 s, ro i l or cor^lex each 
that I 2 I < j 
7 
(2) i m ocj. Ic"3 utvwTw s^ 'cr a l l a 'x*es.l or co^olex such thnt 
> 
I 2 1 > i^ 
(3) ¥oT absolutely tjnrzrjen.oe j ' ( « ^ r.na fLo. (c-a-b) >o 
(4) For 3 * 1 , the seri^^s la untfonaly convf>rg9nt if 
o < Rji(a-fb-c) < 1 , 
(«i) irSX't^S ri^.T-j-r^, - «-P I , ! 5 -J^  ,,-;,^ "* 1 R-a ( - ^ T b - ' O ^ 
1.2, Twenty foicp Kuianer»B fonotioa^aaid Relatlon>>betwe«ii them °.— 
Ba<di of tke following twenty feunlttaBor'a -functions 
le a solution of the hypergeoraetrio different ia l equation ^ 
Wj - (1 -x ) " ^ . 2 ^ i ( a » y - N y ; - - ^ ) 
w^ « ( l - x r ^ .25 ' ^ ( y -a ,P5y j - 1 ^ ) 
W5 « 2^1^"»P»°''^"^'''"y»^""^ ^ 
Wy » x'"°'. 2^i(a,a+1-y;a+p-»'1-y;1 ~ ) 
J 
Wg « x"^ 2^^(?,3+1-y;a+p>+i-^;^-^ ) 
w^Q- (-x)P-y. (1«x)y-«-P.2^^(l-p,y-pia+1-p, ^ ) 
w^ <,» (l-x)"^.2P^(a,y-p?a+1-pj ^IJ") J 
w^ ^ • t^*y. 2P^(a"»-1-y,p+l-y;2*y|x) 1 
W2o«x^~y. (1.x)y"^"^ 2^^(p+1-y,1-a?2-y; - • ^ ) 
wg^  « (l-x)^"^'^ . 2^^(y-a,y-p;y+1-a-p;l-x) 
W22 -x^*y , (l-x)^"^"^. 2^^(l-a,1-pjy+1-a-0|1-x) 
W23 - x '^-y (1-x)y"«"'P . 2yi(y-a,1-.a;y+1-a-pj1- ~ ~ ) 
wg^  «xP""y. (i-x)y-«"P. 2?^(y-P*l-p;y+l-a-p|i- i ) 
> 
Since the hypergeoHietrie equation is of the secoad ©rder 
there must be ©aly two Independent aolutlGn^o that a l inear 
relation must exist hotween any three of the twenty foor 
f unctioHB giTeiievil|)-Sjfe*Jjifact i t m&y be shown that 
w^  =« Wg " ^y^A 
Wc » Wf K W.7 " W, g - Wg » W^ - Wg 
Wg « w^Q « w^^ « w^2 
'13 '^  *14 • ''is • ''is 
*17 * '18 • *19 " ''20 
''21 * ^ 2 1 * ^ 2 3 " *24 
for the remaining relationS-fif 0'M<.T«4-e2> the book Brdely:^^etalj 
Higher Transcendental functionyi>Tol.I,HL^^i***"ir^.^<^^'^-^^^^ 
Etfler*B form 
I f | z |< | and if Re(c) > Re(b) >o, then 
8 
2 ^ [bjc^b t-o 
Proof 2^^(a,l)jc;a) 
« (a)_(b) 
£ » 2 (la poiwr seri«e expaiwloti ) 
S w ^ 'Y\ A/i A^. i'Y\r*\ - /Vv£-;adil5^ - t A / d * ^ ^ 
(a)_[b+nfc~ 
S — ^ 
as«o fbjc+n[_a 
^n f S dU^ -^ 'vvd.f^  4 . i . c-\®>^4 -j^ cfeo->") 
•» (aLfb^irc 'z" j c ^ 
E - -— ; — 
na»o |b jo+n la lo»b 
j CVY\=(C-^)-Vl\.-V-'Vx)S 
fc •• (a)„ z fb+i fc-b 
|b |c-b ii«o In Ic-bVTD-fn 
2 —S g (o-b,b +n) '^ ilt(c-'b)>0 
fbfc-b B=o |n u.fe(t3>^tb)>c 
•^p*ii'^>^ ««(v3>'. B(,t>Ao- ^i,t^"Vi-tr'c(fc 
F E f ^ n=o l n _ t_^ 
^ b.1 , c - ^ l - (a)B ^*^ 
Hao Jn_^  
dt 
t«l 
. . f . 
|b|c-b t«o 
c 
/ t ^ ^ ( l . t ) * ^ ^ V - t i ) - ^ d t ^ \z\<\ 
(L^vvcjiijtooiiilal th«or«B) . 
>^ 
for Re(c) > Re(b) >• . 
2. J.(e,l>|Cf«) m «^—•' / 2 : »-7r di 
for Se(c) > R«(fe) >« 
2 i r « ( cOBht)2*-2c+l^ slllht)2e-2V.l 
- Jg.(a,b}e;z) « ^ / a A nvr dt 5-^rjr 
- ^ 
tor R»(c)> Re(b)>o 
l o 
4. 2^ ^ 
a , t | 
c ? 
( l i ) F" f^jo^ t»o Yi^"^(i+t)*-**(i+str dt 






i ^ 7(0-1 )* -^^ ^8*-«(B- | ) - * dS 
for ! • R«(a) > H«(e) > R«(l)) and 
| arg (8 - l ) |< i i 
•^hC<w>o 
1.4. TRANSfOIWAfroHS ?0R a'l :-
Siaiilfc l inaaa traagforaatlonA 
\z\ < I and | z / ( l - a ) | < l , thm 
a,t>j 
c | s 
- « a,e-b; 
. (1-35) . 2^ 1 ' 
1 
- 2 
ghforanIB- I f | z | < 1 , ff.J^n a^iK "t^'(e-^<su>.wa ^(i^ ^ujbt) i^a^ 
j ' l 
a,lJj 




I f |« | < U | i - t i <t «iA i f %(o) <1 • tiC«-ftWb) >0 
ai^ i f i^st of ft9t3fe«e<^t«*bte<«6«^ i i en lst#§«ir i^ vr'A 
^ 
*n 
ftf b t 
tl4^^*l"»C| 
l-i OinlliKnilO 1.1111111 Hill ——I——»» 9 4 (¥4i«f* f ^ i S ^ 
a4l«<ils^«c| 
lit t j 
e$ 
4 I . viiHMiMKnMiiMamaMaMMMi 
r ft ?-C| 
i i i t i i iN id t 
Pr©ofr H ^ j I fttia IT *'— 
I f | » | <1. fi?*d t*Ce) > nf(t3!)>© ttisa «« intiirreJ. 








Liittinff 1 - .t =11 ( ^ t t* 1-v*. 
VO-^^45-^ 
Cb =2^1 
a , b | r C VJL =sO 
jhjc-basrl - / Ci-tJi) 
b-1 ^ 0 - V l [l-(l-<)l)2] XL 
jbjc-b<^tao -^  
rBfo^ J n - ^ ) u (1-a.' 14-T"-—"HI dti 
1-K 
' •b /VVQ 
du 
c-b \c-(g-V>) U"c 
4= ^ri~f^i< 
a -I-(c-b) ^ c - t , c-a; \ J - z / 
<±3 a (1 -2 ) . | i+ 2 1 
13 
<j;> -d-as) - 4 1-24-^ 
f - « 
"b-c m 1 c-a ,c-b | ' 
ri I ^ 
c f 
ii-zr^l-zf'^ /l c-a»c-b| 
c I 
z 
(I-B)^*-^ / I 
SHeCBIPRlC PROPERfY 0? 2^1 1 — 




eUADR/TIC - TRiHSFORMAflONS V— 
i f 21) is neither «ero nor a negative Integer and i f 
b»th |x|< 1 and |4x{l+x)'"^| <1 , then 
'O^Vfi^Vm 
{^*xr^^ 2^ 1 
a,h| 
2 h} (14«)^ 
2?, 
ata-b+ 4 J 2 ' . 2 
h+ I » 
14 
^£ V. 
I f 21> i s na i t l i t r eero nor a negatly« ixtteg^^and i f 
jyl < l a n d | y / t l - y ) | < 1 , than 
.a (l-y)'. 2^ 1 







(1 -2 )"^ 2^ 1 
i. 1 a ^ - i > I 
-4« 









.rf _i^l-^. _4^ 
T . / _ . v . IN . . . ^' * 
fc>->A, T . : » I - • » 
Jjf (a+Ta+^) i s ne i ther zero nor a naeative integer and 
^^|'^<l^^l-xj < 1 and l4x(1-x) | < 1 (^i uc-C:.A .^AH^^^ t ^ | ' ) ^^' ^ ^-^^^ 
2^1 
a, \>\ 
4x(1- i ) 
I 
2^1 
2^ , ( 
2a, 2b{ 
•t 
a+l)+ -g I 
2a , 21) ; 
a+b+ * J 
(1-x) 
15. 
Xf e ie neitlxep e«ro nor a segattrt Intager and 












- X iUx)'^. 2^ 1 1*1 *i •4x 
l4a40 t (i-xY 
^tittorm t« If 2^ ie nalQther zero nor a negatira Integer and 
let < | , i^^^ 
2^ 1 









f . 7 - 1 1 
2 




!«. I f e i t fi«itli«r taro B«r ft atgfttiTt Iat«@ft9 md 
<1 » tx| <X rvvwv 
"(TS? 
(1-«)^"* 8*1 
« I e I 
(1-2X) 2 
1.$. m^ rmi/'^m fmfm m i^ *^ 
tt ai<e-«««) >o « «»A i f 0 i« ii«itli«]* tero 
nor ft Btgstivft iBtegtr tlifB 
8*1 




f 0"' 'w lO '^^ '^ v 
flyogifi I* I f m{\>) >ft ftiid, i f a is ft tt««HB9gftti79 inltg«r 
2*1 
• f » * | * | l 
U 
* • ! 
"F^iLftHp-w^ '.— 
17 
ginam»r*g theortm j -
If (14»»13} iB nelthftr saro nor a n«gatiY 






Ganee'g eecond BianBatlon thaortBii-
2 1 
2a, 2b| 
a+b+ | j I l»+| U 1-^ 
BftllT* 8 gmnaation thaoran i-
2^1 
a, 1-a I 
e I 
4 '-°[7rT 
l + lU -«+4 2 * 1 I 2 "5* 2 
mmmmmmmmmmmmmmmmKm 
/f*fU f a -•5 
ThtorgB J-
2'l 





- n, l-Ta-n f 
a S 
fheorea t -
an Inteeer, then 
- n, a I 
l^aHi $ J 
asd i f a le not 
^ 
0 fop n XI 
«!» - 1 * 
ThtorgB I -
Xf k and n are non - negative jbateger^then 
-k , «+ n J 
2^ 1 
a { 
e for k > n 
(•*)k 
( « ) , 
for 0^^ k^^n 
fheorwi t -
?or k a non-«egatlve integer 








( « ^ | ) j , 
2 j B 0 
19 
yaadgg fflOPda*g thaoram i -
2^ 1 







- n , « } 
-1 
l4a^ n ; 
( t 4-») B (u|), 
r 
2*1 
*a t c—1J ( 
e I 
( ^ ) , 
(c). 
PROOgSOP SOKE SmifAglOl? ffflSORagS ["2-5] t_-
gauBe's theorwet-
I f R.(o-a.t>)>o «>d :^ c 16 n . l t h u zei« nor 
a negativt Integer -^%j>/w 
a , b I n 







fb |o«-b t«o / t^^(l-l;)**"^^{l-tE)**dt 
R uttlng « « 1 In the lltegral reprtBantaticn yAyir^sJi^ 
ft, l>j 
1 
c J J 








r~e-b lb jc-ft-b4-b 
fc fc-^-b 
Of dtfialtlon of Beta fuctian) 
i f 




KmBPer^ B theorem i -
Xf ^+a-b)ls neither aero nor«tnegative integer and 
Re(b) <1 for convergence ^"^^ 
a, b; "\ ll4*-bfu f 
* iTTf^rnir -1 l+a-bj 
21 
Proof:-prtting z a-1, c m l4«~b In th» integral repreeantatlcm 
«l.bl^"\ fc~ t « l . 
of 2*1 '^ i4 / t»"^( 1-.t )®-»"^ l - t« )"*dt lo-^-^oLv^ fafc^ taO 
• . b I 1 
Cb:^2'l -1 
" l4«-t» I 
fUa-b t«1 
jlT )1-f«F-l>.a tiio 
;« . 4 M-A-b"'-' -K 
/ t*^^(l-t) ( U t r \ t 
[T+fl.-b tad __4 « *. 
. / t^^^ci-t^r^dt |a(l-b t,* 
p. uttlng t' I A 2 t dt a dU js 2 . u ^ \ dt 




2 • tt 2 
4 . dtt • tt" "5 
Uh^-R5Ll>^ 
|1+«-b - u«1 (a-t\ ^^  1 
<±>« ,^. -i / tt'rr^ .(i-«r*ii"' 2 dn 
^ ^ ^ 1-b 2 UaO 
I 7—=. / 112-^ (1 )^1-^ 1 du 
\ ! ! L B( I , I-D) ( ^ .ujwLk'sM c^  r A •f^ '^ '^^ c-) 
22 
^ 
1 ^^ •*^ *^  f^ I ^ 
2 fifi-B 
'^  / *^ n?Uiv£v-^  loiiLi-s^ v^  61'=*'*'^ '^ '^ "^^  -^ ^ 
1 












PROOFSOg BAILBY'S .J : QAUES'S SEGOHD SPIMAflOH 
From I sifflple llnaap tpanBfonnatlon 
i f |x|< 1, l i ^ l < 1 then 
J 
2^1 
a, V I 
c ' l 
I ) 
( 1 - x ) " * 2^1 
a, c-D { 
c } 
m©i*> putting b w l - a <x - a CL = c 
4 
ay\rj. X » T 
23 
IJ(^ VA£C. Ballgy'B gUBaaatlon formula 1B 
, c- 1+ a] -"I 
1 
c I 2 
^ 2^ 1 
' a , a+ e-1 | 
- 1 
0 I 
How using Ettmraer's thtoriM -jpc^ '^  c - |+ («.+-^~0 ~ ^ ^ v^ >il.-^^LJb^ 
4^  = i u ^ s = i - . (n<r+o-i 
a O-
. f ^ l ^ 
i=!±s f"^?r 
•(cSvvrviJl «N ^.-^ C- \ 
x^-fTfT 
r 5 . » f £ . * ^ 1 
' 2. + 2 } 2 2 '*' 2 




I I F ^ 2 
I * 2 ' 2 2 * 2 
« 2 ' 2 * 2 
c a 1 e £ 
2 * 2' 2 * 2 " 2 
::^f; 






Gauee'B second smnroation thtoren t.— 
P. 1 utt iag a « 2ft» t » 2b, c » a-fb^ - ^ ^ 
a? ^2^1 
2a, 2b } 
a+b^ ^ "5 ; 
i 
rvvs^ I « * 
- 1 ^ 
( ! - « ^ ' ' 
2a,a+b+ -^  - 2b ; 
- 1 
=t? ^^  
2& 9 
% 2^1 
2a, a-b + •* } 
a + b+ -i J 
f 2a. 8- b + ^  I \ 
- 1 
a+ b + 1 J 
/ . / 
Sv^c* a^Yv©'mt;v1.^ ®^ (:»<m^^ vn4iM ^ ^ + w f ^ - ^ j 4 - ^ - i o 
^A. a + b + l s 1 +(2a)-(a-b+ ^) 
1 + 2a -a+b - | ' 
Hence ttPing Kvamer^B theorem vu -^^ aksJ? 
ci^ 
2a 1 a+ b^ •* l4a 
V iiH'^ify •,(i>=) 
2a \a+\>-i. 





Yandtr Mo^/nde*s theorea *^. 
a ( b { 
SJvvCij n 2^1 1 
c 5 
Jc" |e-»-l> {\sy Gaii8e*8^theorem) 
R uttlng a = - n ^ u>-^ "%JL9^ 
2 ' l 
-n , ^ J 
c I 
f T |c + n - b 
c 4. a jc • "b 
{by definition of 
factorial ftanction) 
Hen eg proved , 





a , b ; 
c ; 
^ ; ^ " ' ' n=^ ^ a «« 
[by def in i t ion^ 
26 
£JLii^ ^vl^jii.^ [5^>.^ *P "^'"J 
^ _ J r i O l , 
E •" X 
n j . (c)„ |P-1 ' 
^NJ^ putting B « n - 1 V :^^ '^^ -'^ .*)^ ^^ • / o 
^ . - I l i £ LfcS x« 
- ii(a+lV ,b.(b+1) 




i^J^'-^fc-t^.-^^ u-'-CVi t^ 
SZ. J " ' . 1 1 X 
^ 8.0 {c^^)g t l _ 
« ^ U'l 
a>1, b+t J 
C4I J 
9Ln)lXarly 
- ^ 1 2 ^ 1 
a » lij 1 
c t 
5 UL..P Ix 2M 
\^ 
a+ 1, b^l f 
c + 1 | 
27 
c dx ' 
a + 1, b^l f 
C4I S 
c(e+t) 
a + 2 , b + 1 
c+ i I 
H<s«^  ContlBtilng thle provtea upto n »tliBd» vcr^  -H^ LeJiH 
a(a+l). . .(a+n-l)b(b4l)"(b+a-l) 
c(c+1). . . (c^«-l) 
a + n, b • a j 
c + n 5 
2^1 
a ^ , b4ii ; 
c.+.n.; 
1.7. COSTISUOUS FUHCTIOHS gPR 2^1^ \ 
T H 
Definition 1-
Contiguous function corresponding to any bypergeometric 
function is obtained by in creasing or decreasing one of 
the parameters by unity. 
ThBB i f P a gf^ (a,b|CJB) 
"then F(a+) » 2f^(aa,b;c;«) 
end 
F(c-) * gF^Caibfc-lfe). 
28 
fhuB thare are slat hyperg»OBi«tric function^contiguif«M-b 
a, b J 
1 B 
C I J 
given below 
and the reet contigooiiE functions are 
P(a-) m P(a-1, b; c } «) 
P(b+) . P(e,b+1j c f «) 
P(b-) « P(a, b-1 f e { s) 
F(e-i>) s F(a* b} C4- 1 i s) 
• 
fhus others contlga&fl-itype functions aay be written ae 
P< a-, b4.) » f( a-1 ,b+1 j c} B) 
P(b+,C4') s P(a»b<fl;04-l»s) -fe^ *^ * 
Contlgufeusrelg.tlon/> for 2 1 I — 
There are fifteen contlpa-^ Aj-i So^ v^ J^n relation^ for 2^ 1 
(1) (e-b) P « a?(a+) - bP(b+) 
(2) (*-c+1)F» aP(a+) - (c-1) P(c.) 
(3) [a+(b-c)B] P «a( l -B) P(aO-c*''(e-a)(c-b)i P(c<^ ) 
29. 
(4) (1-z) P - y(a-) - c"*^(c-t) z P(c+) 
(5) (l-z) F » P(l>-) - c"''(c-a) 8 F(c+) 
(6) [aa-c +(l>-a)z) F « a$-z) P(a+) - (c-a) Wia,-) 
(7) (a+b-c) P - a( l -a) P(a+) - (c-b) P(T>-) 
(8) (c-a-b) P « (c-a) P(a-) - b(l-z) P(b+) 
(9) (b-a) (1-z) P - (c-a) P(a-) -(c-b) P(b-) 
(10) [l-a+(c-b-1 )z] P « (c-a) P(a-) -(c-1) ( l-z) P(c-) 
(11) [2b-c+(a-b)z] P . b( l -z) P(b+)-(c-b) ?(b-) 
(12) |b4.(a-c)z] P « b(l-z) P(b+) - c"Vc-a)(c-b)z P(c+) 
(13) (b-c+1) P « b P(b+)-(c-1) P(c-) 
(14) [l+(c-a-1)z-b] P m (c-b) F(b-) -(e-1) ( l -z) P(c-) 
(15) [c,1-«.(a+b+1-2c)z]f« (c-1 )(1-z)P(c-)-c~' '(c-a)(c-b).z P(c+) 
Other contiguous type relatlon^for 2^1 
@ P(a-) - P(b-) + c'"''(b-a)z P(c+) « 0 
30 
@ P « F(a-,l3+)+c"''(lM.1-a)z P(b+,c+) 
^ (c-1-b) P m (c-a) F(a-,b+)+(a-1-l>)(1-z) P(b+) 
1.8.A FINITE BOOBLE STOHATIOrT OF 2^1 * 
The object of t h i s sec t ion i s to give a f i n i t e 
double Bummation of the hypergeometric function Ti in 
tarms of 5^2^ the main r e s u l t i s obtained bjrtiBing the 
def in i t ion and notat ion for the generalized hypergeometrio('if») 
;C«v-5jtr^., Whittatoer function and laplace transformation^ 
by . , M .A. Pathan[2 I»^' bs] 
The main summation formula is giren below 
r»o s«o \ ^ i \°' 
}a^4-r jb^^ag-t-s 
ja^-ap-n-t-r+l fbT+i+n' 
r a^4- r , a-+ m + n; 
b^* s + n ; 
31 
a^» ap+iB+a,a-+iB+n ; 
1 .9.DgH.ICATI0N AHD OTHER FORMULAE POR 2^1 o 
X L.Burchnall and T.W.Gh<w»^ y [ 9 ; p . 1 u ] 9'^ 4)-<< 
scsne formulae involving the simple hyper geometric 
fimction^of which (6) and (9) (where the argument is 
respect ively doubled euid squared jmay be regarded ra the r 
loosely as •• Duolication formula". 
#e havel^&;p.114 1 
m 
- (a) (h) (b») (c-a) X 
P(a,b+b»;c;x) « £ * *' ^ ' X 
r«o )5L_ (ci-n-1)y (c)^^ 
P(a+r,b+r;c+2rjx).^P(a+r,b'+rjo4-2r;x) (1) 
which we can regard as an addi t ion formula in the 
arguments b,b» , ftlso J.L.Burchnall and T.W. ChcBwdy have 
derive«tthe inverse formula 19', in sect ion (5>1/(31)1 
P ( a , b j c ; x ) . P ( a , b ' ; c ; x ) 
"• ( - l f ( a L ( b L ( b » L ( c - a L x^^ 
r»o lr_(c) (c) 2r 
' . P(a+r,b+b*+2r;c+2r;x) 
(2) 
32 
Xf In t h i s we put 
(1) c « l)+b», ( i l ) b » | + | , b » « | - • | { l i l )b « !)•« f ^ 
80 tha t b-»-b» at c throughout we get respec t ive ly 
P(a,h;b+h»;x) .P(a,h ' jb+b»;x) 
d-x)"^ 4^ 3 
a,b,b5b+b»-aj 
b+b», |(b-».b»), ^(b+b»+l) ; 
- ' ( 3 ) 
c 1 ? (a , 1+ | j c ; x ) , P ( a , | - - ; c;x) 
a ,c -a , -^  - ^ I 
( l . x ) " ^ 3^2 
2 2 
L 
c , T? f 
lP(a, %% o; x)I . d - x r " ^ 3^2 
f /(3^-l) 
a ,c -a , "5 ; 
^ - ( O 
c 1 f/(^-1) - " ( 5 ) 
The formula (3) has been given by ff.H. Bailey whoiSho(j*-A4 
tha t i t could be derived from a r e s u l t ©f G.N.Watson 
which is equivalent to [ 9 , ' v o l . l a ( 5 ) ( 5 1 ) ] ^ ^ in (38) 
(44)(46Jof [9,^01.12(5)] we put y ^ x Q^VJ^ (V^ 
."fj ja;b,b»tc{x, x 1 » P(a,b+b»|c x) 
35 
Jtvjth* f irpt and third of them , we get 
fiB.,\>%o;2x) m z ""-^S.—X-«-^ f (a^artab+arfc+arsx) (6) 
^-* Ir. (o) 2r 
« •• (a) (b) p J. 
F(a,b|oj2x-x^) - £ *^  *—(-%'') ^ F(a-Kr,b+rjo+rt2x) 
(7) 
F(a.b,c,2x.x^) . t^}f^}jtl}r ( - ' ) > ( a . r . 2 b . 2 r , o . 2 r | x ) 
(8) 
and If la @ 4'C'S>4' |9» •ol ,12| we tjut y « - x we get 
2. * (a)_(b) (c-a)_.(c-b)_, 
r«o tr_(o+r-1)y {o)^ 
x ^ , P(a+r,b+rje+2r|x;^P(a+r,b«i-r5C-»>2r| -x) (9) 
Lorresreading inverse foraiulae can be obtained from the 
inverse formulae (39)t (43)t (47) (51) of fgjfiection (5) 1 
I f in (9) we Bake a or b e<7aaX to c« we get 
an Identity of the fona 
(1«x ) a (l-x) (Ux)" of which (9) can be re?^rded 
'xB a general iaat ion. 
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1.1 0.. RSMTIOHSBEa?f«;SIf JACOBI POLYNOMIALS • — 
In this section \\^ y«jjkxne-M:ft# •'VVEIJ^  rvJkkev^^a^w*"^-^ 
Consider the Jacobi arid t a t r a st)herical polynomleas 
P^°^*^^ (x) , P Q (X) defined in hypergeometric form 
I ^^*^^(x) a * ^ (-n,n+a+^+1;a+1; —5— ) 
where (a) =« 1 t (a)^ » a(a-fl) . . . . (a+n.-^) and note that 
the ul t ra spherical polynomials are related to the Jacobi 
polynomials by the formula 
Brafraan [" 8 ] has proved, for the Jacobi and ultraspherical 
pol3moraials the formula 
(a+p+1)jj 





in " ^ a r t ic le \<M>C/LYftW>?iet»utmore general relat ion, 
toztweea Jacobl polynoii>ials;t/v\-t^ 4-«o?^ w^-
' n ^^' * » a (x) 
F (rv.»h-|. (a+p) 12, r-rh+ (a +B| 
where h Is a real parameter. 
The proof of (1) given by Brafman, seems to be l o n ^ and 
Involved, ccr^ Dy-^ CA^v f^l^ j^ for (2) and consequently for (l) 
a simple and direct proof by using tke Abel^ormula for 
factorial powers [38 ] 
(x+y)g-(x)j^ n-1 
-1 / n \ 
Z 1^1 (x+nk-rk)^(y-nM+rhn-l)^^ . 
-n \ *^ J r n-r-1 y rao 
; (n >o) , (3) 
tittlng Into (3) x = ((a+p)|2)4-s+1 and 
y 3 (a-p)/ 2 , from which x-¥y « a-f-s+l and writing 
n - 8 for n , we then obtain 
36 





rn-s^ /> ct+ p (^ -.^-Jl-4.(n-r-s)-k+s4-1)yj 
(;(^-(„.r.,)h*i)^^.^.j. 
8 f^a t ip ly ing the f i r s t and second members by (-a),, and 
replacing r with r - s, we arrive f^ t 






( ( ^ ^ - (n-r)h+1 )^.^.^) 
\s\^ multiplying the preceding members on both sides by 
((n+a+p+1) /liL |j.)t aiKl summing over s from 0 to n 









a i 6 ^ , 
37 
s-o lal5- XsiO i 3 *^"S 
(S|a^.(a-r)h+8^1)^^^^fl=e. - (n-r)h +1)^.3,-1) 
I r rsso 
n 
twr ((a+p)/^(n-r)H+1; 
; ( ( M ) / 2 >rh>1)^^^ (((a^p)/2»rh-H)^^y 
r=l | r _ la-r 
2^1 
-n+r, n^-fp+1 j 
L ((a+p)/2)».rli+1 ; J . 
pLnallyt the preceding relation can ^  expressed In 
terms of Jacobl polynomials and with t « I^ it becomes 
the wanted formula (2), In particular, for h « i . (2) 
reduces to (1) . 
98 
1.11.S0ME GEafERATiyG gtWCTIOW.S FOR THE PBDBPCt OFTWQ 
JACOBS poi.y«oyTAL5f-71. 
Tht object of th is section i s to 0T3talii two generating 
functioiL_B for the product of two Jacob! polynonlale by 
using the method of Al-JPalan C O ^ 
Ponnulae reyiired in the proof;~ 
H, Bateman f 4 ] proved the formula 
t-(.P)/i 
., .v k (l-w-iS+Zr) Ir I T W H M T 
( ^ w T * ^ -. , X 
|1-M3t+r' [Tj^ i r ' 
Bhonsle [C>1 ^^^ obtained the following generating function 
for the Jacobl polynomial 
. I £-«£ 1*^  (2) 
k-0 ( I 4 a y i i 0 ) j ^ 
59 
We have cClso in E.D. Bain vil leja^.25t ' \ 
(l-tr ' '-«-P 2^ 
l-wj 
2t(»-1) I (1-t?J 
(3) 
If in the r i ^ t hand side of (2) we Bubstitutt for 
P U»p;^2^ f>v»wv(1) and change the order of Bunanation , 
we arrive at the foramla 





a + r i 
2 ^a^p+2r; 
(4) 
where L^ ) ^  (a ,b ,c ,x ,y) ie the Hbm»B function of two 
argtanente (Erdelyi/^ .-iM* Higher-Tranecendental function;!>v4i:( *3S3l 
^^iaiilarly^if we make nse of (5) we obtain the following ^ 
generating function F,. .» ,^ ^ . 1 
[,. (1^)J-^--^ ,F, -"27 






2-Kx -J^  +2r ; 
(5) 
As B rulft, the power eeriee occuring as generetlng 
functlort^ ha^H a poeitive radiue of convergence.5e'>*Jt.-U«'vv_t^  
however » i t ie useful to coneider aleo power series which 
have zero radius of convergence ri25pp.228-229j. In th i s 
a r t i c le we shall eetahlish the convergence of the two 
generating function^deduced In (4) and (5) and obtain the 
conditions of thei r val idi ty . 
Considering the integral repreEentationr29»p«37,(ll»13)] 
i t is easy to see that 
J 
j 1 1 (a+rjz^«^+2r;^ )j ^ ^ 
we have also [37tp.l67l 
pJ^ «»P )(cos 0 . e"«"" 2 0<^ i ) 
when 0 < e i i t / 2 » a X - | , 






then beeectt« of (6) and (7) 
»r 
«h«n a >^^ '^'^ t o ^ x < 1 , o ^ y < 1 
and ^ bat any finlta yeliia* Henea imdar that^ a ri>etrictionp 
tha e9rl#p in (4) iP rniiforiRly and abiolutaly eowrprfttmt* 
It wa coneldar tha Intagral rapraeantationrpLg^^AK?.!)] 
«a can rhow that 
1 l4a-#4r,f^4r t 
le hounded whan r •• •• , proridad that | ^ j < 1 «i»d o >-1 
Invlaw of ahova end (7) It ip eaay to eea that tha ear lea in 
{5) ic atrtolttitaly and U^forusly eonvergant whan s 2**4 • 
0 ^x < 1 » o i y < 1 , and \ A\ < ^ ^ 
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Confltiant hypergtowtric fimction (l^l) 
(Pochto«'ww?r-Barn«t eonflutnt ligrptrgtoisttric function) 
2.1. mtrodnctlcn t dotation ^KMibi^ )or ll(B,b,^)orl^jt®'^'^ 
- (aL J^ 9 
DaflnltioK*- Tha eprlta w(},)m 1 1 
a t 
B 
* 5 . 
callad confluant hypargaoaeitrle eeriae* It ie tha eolutlon 
of tha K«B!B?ar*c or oonfluant hypergaomatrlc differaBtCial 
aquatlon-^oja^ Hr> 
[ 0.(e+b-i)-8(04«)1 w « 0 ; «n[r)« © ? 
which may also ba wrltteB as 
j2w" 4- (b-e) w*-8w »"o j , - - - (1) 
whara w» B 4 5 t » " • ^ * 
fha Keriac 1 1 Is convergant forall finita z , l f Js>wovw«Atcfcn 
\>cJ\c^^^si(s^ h le Heithpr ssaro nor R negat-UNi Integtr, 
i f b Ip non integeral then ganerel polutloa of (1),having 
two linaanSy IndOTs^ ndant Bolutlomia 
w^  » A.I^KajbjB)^. B.«^'"^l'l(a+>-b|2-bt«) 
with A citid B efi erbitrery conrtants. 
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If b Ig iBtf t^.^ jtbep gffitral 8ol«tlon »ay lnvoXv« log s« 
The fttuctlon 1 iwiv>> diPccOAred ty KwWifr. This function 
porrseese only on« ntodirvDCl^ a perestter anA only one 
denoBln&tor pareBeter. 
2.2.1^1 AS A imTtma CAFS OP 2^ 1 [^ ^^ V''^ ^^ ^^ )] 1 — -
Ifee ccaafluent fc^rpargeotsetrlc function i s e Iteit ing 









b*» Hafi (e)^ 1B_ l/» 
t H • ! • 
' v ^ 
A. iC, 
• (aL x" 
r. n •— MB. 
( ^ ) , 
n>iO ( cL ln_ b*w if 
J. 
n«*o (e)n |n_ 
t>.(b+1)0»42) (b+n-1) 
Um 
b"** b« b • b • ••••• b 
f §^ Jbjf^vvOM^) 
n-o(e)„|n_ b— ^ ^ ^ 




• I \ia rtpeat tht Faine U n i t i n g px^ceee 
c $ j . iQ th« ees« of th i s function w« obtein 
o ^ ( - ; e fx ) - r . -T-rr '^^'^^ ^ - ^ t 
>IA/1 
Vjfefitisll ^Ivt '^©AATV conti|?uou« r«l«tlon8' for 1 1 o 
.F (1 ) (»-b4.1),ri(ajlJt8) « a . r i ( f t - f 1 t t ) u H b - 1 ) r i ( a ; l > « | ; s ) 
(11) t<efB).1^1(ajb}«)«Al),1^1(a4-1jb|«) - (8-b)«. l^1(afb+1|z) 
( U i ) b.1^l(a|b}i!)«b.l^^(a-1jb|B)+».1^1(a|b4.1|B) 
2.4. PIFFSREHT XFTTRGfyCL RgPRySI^ NyAf lOlKPOR 1^ 1 I — 





\r t« i 
fi" jb-a t^ f a^^.tCl-t)^"^^ dt 













j(t4fi) J^ 9 M 
Us© |1" jb+B |a_ •K 
!M b*. .i 
fF" - Ift:^ ^ fb^ J* \ ^ b e ^ 
^ ' ^ 
Kv 
[.^ r^o-tTUt 
E 7t»^-'»(twt)^>-^1 dt. ^c M)>^ 
C 
t . i - t" .«' 
[a jb-a t^^BnO IB 
t®-i(i«t)^»-*-iat : 
|a|b»& taA 
Sib caxj alpo prove th« «bov« int«p>al rtpresentation 
forwula froiB R.H.E* 




II FiS»VAn[z^ > ^. U^ ^^^'r^ ^C^)>^ .^-^^ 




Proof t - Prom R, H. S, ^IKT -^^ AV^ 







n-0 (b)j, l n _ 
1^  n«o(l))g la_.t«o 
17 it.o(bL ln_ S . T T S ^ 







/ L dLPli'vxk^ |VT,J 




I— 1 {a s ^nO 
groof I - Frwn R. H, S, , the IntogmX is 
tttO 
Bitting t^ - a / . 2t at • du 
1 «- I da 
for lower l iwit t • o, u « o 
|45^ w<^ 
for upper Ifialt t « «•, u » •• 
I • i / e '*. <X - - J. It (at) dtt 
'a»o 
- I T«-^ tt«-1 - ^JfJlL. 0^1 C - I t^ m . 2^2 
2 F a ^ 
)dtt 
X 
^' -t ^ u^  
1 T e - ^ tt^- 5 "^ i!t «^  o^ t^ -J^ *«» =^4*^  >«« 
' U M O 
•SL , U 
2Mt?vi 
'V) 
• r ' Ff^ nt; (!+'"V 11^  -^  's-r-
INISCO - W W ) * ^ ' •v^w^-^L.Wv^ - ) ^ (tt^v-QIDKJ^ -i /vvfepljJ^bv) <!Mr^ /;>M/vn^vv\«lKd^«A 
. ' ^ 
/V\ArN , 
SZ 13. ' - ^ 
ChO 
n=* m (jJ.'n)^  
— ^ 
.a 














- I - ' : ' ! - '• 7 . ^> • i s -Vrr^:, -4 - I T -^^  
-A 
X^ '^i-t^ -^^ ^ 
^A^-Wlft - \>3V(S-t>^ £J^  ^ 
Hote',^ Here J,|(z) is a BeBse^funotlon of I kind of Index 
n , i f a l3 4ot a n e ^ t l w lategia?, 
the a 
,,, (-, u„,-4) .KM°«^'^ 
2.5,!gRAaSP0miAn0IJ(^SqyT/j^TI'lf THSORia^ lgFOR 1"1 ' L ' - ' 
KmiBiwr'a f irs t formula t- I f t) Is neither «ero nor a 
negative Integer, then 
a f 
1 ^ b f 
e^ . 1 ^ 
b - a I 





e^ . 1 ^ 
a I 
2 a { 
- X 
Kuamer's neotMid foraul^t^lf 2a is not an odd Integer 





2x 1 « 0 1 
- » x2 
a-i" ^  I 
i's:,|,.|i4(n-4?)) 




, 1^ 1 -x | = 2^5 
P.|.f"^' J 
!?iiU8 each of the following four function^ is a solution 
of the confluent hjrpergaoaietrlc different ia l equation (1) 
a J 
w- « 1 1 
L' ' J 
h - a I 
Wg • e * . 1^1 
Wj - x^-^, 1^1 
- X 
1+ a - b I 
2 - h I 
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1 - a } 
- X 
Proof of giunmeiy>I formula U KwvrnnflK^  X Trv-wo.'J*^ ^^ ©v^^ ». 





irtiea t « 0 I tt M 1 
t • 1 u « 0 
|ajb«-a uwl 






j(b-a)|b-.(l)-a} • • / . ( - « ) ^ ^0> -# -1 ( ^^ )M^a) -1 du UaO 
. * 1 ^ 
b - a I i 
- z 
wher« b i s n«ith«r zero nor a Btgativt iategar^ 








t » . 1'1 










a t f 1^ 1 
a f 
2a { - s 
Thiie tb la le an wm function of e ^ gy\ 
• - « 1 ^ a I 2K 
2a I 
ie an tvan function of s « 





, ( - i r IP '^t ^•^^g'^gg^^ 
1 
1c»o (2a)k Lg . J 
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n«o k«o(-1) tP- lL{2*) ^ 
-n 
T 2 : . 
,(ay-n)^^ . 2 ^ (-S5)* 
n«o t ^ (2a)j^ L « -
tP . 
a I 2M 
a, - n I 
2a 
n (tf _ 
1 ^ 
^ <i> m 
Now applying Kumner^ e eeoond formiale/lf 2a Ifi not an 





k^ | k ( a 7 | ) ^ r 2 ^ (3) 
Wow from (2) end (5) , i f n ie evan.Fsy n a 2k u>fcere K Is 
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a non n e ^ t i v e Integer, 
Than aauatlng thp Coefficient of ss' » w« Iwv* 
1 
1 1 
1 ^ " lL(a+|)k 2^^ ^ 
2^1 
-2k I a { 
28 I 
-2kt a ? 
L 2a I 2?( |),c 1 ^ " i^c^^-^K 2 7F 
! W.vC5 2^1 
-2k , a I 
2a { 
^T^k 
(«* l^ k 
SittiXarly 2^1 [ i*a. whan n in odd 
integar « 2k+1 
PR0OP|RJIMANUJii^ .'^ S fHEOREM C'^^^lP ' i ° ^ ^ '^ '^ J c" 
a I p a I 
p t 
— X /ay powar serias and series] 
I aisniptilation Method / 
t &. 
n-o (P)ji fc- k-** ( P )j^  lk_ 
J. ^ _ ^ n — 
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• »(a)«_v X n-k+k 
\k/ 
T: E-
( - 1 ) (0^ )55 
° '^  d-a-n) k 
: ^ 
Hfi t ocf 1 - P - n t 
3^2 
Kow UBlng Dlxon'jsthaoria in 3 2 l^ae etction 3«4 J 
a'l b*, c* t 
1+e'- bM4a»c*i luf^ bfi7 -^7 [uZ-b - c fF? 
/ r—TT^ ~~1 
1 + ft » 1 - n» 1+ a - b a l - ' P ' - g j 
/ / 
1 + ^ - 1 - ^ , 1 + ^ . b f l i 1 « - < ^ « a 
\ 
I / 




* (oL x° 
'n 
n«© (3)jjln^ 
-VJ-^A ^ 'AA O^ A;^^ 1 ^ ^ T W [ p f L " J 
— — a COfi V" V""'V " 
1-n f u f 
When n ie ev«n^ Eat n » 2/\ i^ ;i)A^  
" m COB —5 •'• 
7-
.;. {TTsy (-1) tiA. 
FHI LA_ 
H^  
Hs^ oup result le 
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1(1 " a '^) (-1? 
kl - a) (a)^ 
|1 - a - l X " (-1)2/^ I 
[V^^l' -S2.03 1 
rr=^ ( « ) n (a) 2A 
i ^ M r . - ^ 
1-a-2> ( 
-1^(a ) > 
r ^ ^ <« ) 
; where a i e not an Integer 
n 
(tt)g;, x^h-ij" (a)^ (-1> i2 ;^  (g-»)^ 
A"»(P)^l2iL («)2^ <P)A lA 
^3.. - r (4), C^X [-^. |,. - w ^ %] 
^ ^ - («)A (P-«)A U ' ) ^ 
,aO l A (f^ )^  5X71' ( L ) , ( 8 + 1 y -s 2 ^^ 
^-^^^V^^/i ^ 1 * 1 ^ ^ 
2h 
a » p - a 
X T 
p . 1 • I + 4 
» 1^ 1 
a I 
B I 
Thle le the our required RaBsnuAan »e theoreffi. 
1^ 1 
a I 
0 I "I 
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2.6.£Ucri^rriVE DIFFERRTOIATIOB OF 1^ 1 [ 25 ^ [3.1 ^ ^ "^^ ^ —^ 
On differentiating w*r«to s 
D /1^1 r " * " ' J \ «D 7 ± ! l k i l l ^ " (1^ definition) 
b J J \ n.o (b)^ I a 
* ( - i f (b-a)jj.n, 8^ *^  
« (.if.{D-a) «''"'' 
T S— 
nsl (b) jn-l 
let ; ^ » n - 1 <9J\ns8l+f 
(,1)UB(te.a)^^ / 
s=« (^)i^g. L». 
« {-1)^*®(b-ft).(b-^+1). «® 
B«^ 1) • (^4-1)- \B 
n+t fJt^s ^^"i^l/lln 
. t (-1)"*' (-^) 
naO ** (^-^^^B 
. ( _ ^ , r i l m i i a (r?)!. 
1-0 (6+1), l2l 
5S 
b - a^  
1?, 
t) - a 4 1 t 
- « 
b + 1 t 
SliPllarly w« can find 
D^ 1^1 
b <- a I 
^ I 
•a 
b - a b-a+1 
b+1 





Continuing thle wroeaeB upto (k )'tira«B^w» get 
j ^ ]^ 




(b-a)(b-^+1) . . . (b^4.k- l ) - l^-*'»^l 
b (b+1) . . . (b4k- l ) 
1^1 
b+kf 
Now using factorial function^otation and KnmiPtr'B f iret 
. ;1 
formula i . e . 1*11 at iS" . 1^ 1 
|- D^ 1^1 
b - a I 
^ I 
b - a f 1 
t I -^-n* 
( . , ) k i ^ ^ - * , ^ 
(b) k 
a I '\ 
b4c I 
S\©u3 >^J>>\ ^ViiV^ili: ^&<Wv5>> 
^-«^ P^^  (a , b I O 
(-1) 
Ic (b - a). 
(bX • - * 1 ^ 
a I 




,-B^ ^?^(t I 15 I «) 
. - ( M ) ^ ( b - a ) ^ •-'^ , ^P^ (a I D 4 k , a) 
1[-\9/V^Q2, - feC^M>s>^ 
2.7 LJlPI/ri! TRMSroPJgATIOH OF 1^ 1 ! —^ 
..e. L^l'l^^ I P I X ) 
p^L^f(t)^ « / •"®"^P(t)dt ^'f('^) 
dx /%M^dlsdWi(fi- i^^ |^4>^^ 
/ a 
« ( a ) X 
- (a) 
a X « ^ / a"*^ x " dx 
X : ^ 
•» (a), 




E " " '• •'" a 
«-o (P)n I B L _ « n 
1 r •i^H^(-f)'' 
* "-0 (P), IS- * 
:=14 
A 
^ Liin(* '^^ p'.^ ) 
Wtrv^ 0 " \a> i6 \v^ 
iO 
(1) EoBiiit or 0«nwaUB«d or jieroeietoA Ii&gii«rro S foXynGeiiAl 
-ni 
l 4 a | 
"n 
(2) Sia^lo Iagu«rre'e pelysoeial 
r 1 
n 
c.,.-itp-\U-'n:-L,.^; (3) awfRitt pelynoBjlal ^^ 
Hj , (x)«(gxf 2 ^ 0 ( * | , - | • ! f • I ^^2 ^ 
H, 2tt4-1 
f 5 { ) g | ••.••ii—ii • mi imnwin i m iwiw nuiiiBt " l ^ * ' 2 
( 4 ) Jt«COfcij?ril^/llOB!i£l 
lE. 
l!L 
- n t l-w^iR^a I 
Ct«i-»n) 
I4. n 





^ (igtf t^ t 14 I 
la 3E*I 
~ 1 •a t 
( i'¥X4$ ) 
% 
}5_(f4«#) 
• »# -• p«» n I 
nr\ 
l4X 
•* d *^**Sl I 
H«t« t* C«) i» eftlltd liltfa ptslit^ieit ffiismoeial t 
imap^«*»*^Mx).p^(x) 
(5) JfcSoel&taa i^ ftfffmlrt'f* tsolfuORiel 
1% ^ f f ^ 
I'^ tt t- P|C-^) «.^Cx) 
(6) t»§m^iff9*B i^olynsrJel 
P«(ir) «rV-^»^-'*»^^'^^ 
- V I f f I "^  
2 
4 • B 
J 
1 , ^ 




=2). a. 8 i^(-«^1.«-^1» h ^ ) 
(3) Gcgen'br.tier polynontiil 
\W mfii^' 
(9) tnocnplet* gesna ftmotlon 
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/ ft 
(10) iTTOr i\tnr5t:.on 
erf (x) ^ / ft!tp(-t^)ftt 2x 
TT 0 
i^( I ; 11 - x^) 
Hcfev-trf («•) w 1 
(11) ocsiplftte elliptic integral of I Kind 
^ /(l^^eln^^g) 
(12) COLplete d*llli!)tie isttgral of II Kind, 
^k) • ! I 2^ (^ ^, --If 1|k*')j(o<k<1) 
/ (l-k*^BiJl' 0 )d0 
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CHAPlTER-m- G»^^^i^^ ^  %c>A - J ^ - ^ ^ W ^ ^ " — S J - T U ^ ^ 
3 .1 . ISTRODPCTIOg j - Hotation-^ p q 
Deflnitioni^ [(!> i ' \ . )44^ A A t ^ ' ^ ^ ^ ^ 
In ordinary hypergftomatric function 2 1 , th t re a r t only 
two numerator parametere and one denominator parameter s 
If we in»jorease the number of parameters in niaaerator and 
denominator both or in any one* then we Qan find the generalized 
hypergeometric A a^^ ^^ '-fi-i , given by 
P 
I a^f ttg ••* «p I 
^(^)= p q 
. I I ( a . ) z^ 
)«1 ^ ° 
^ 1 * ^ q » J 3 . 1 =3 "^ 
(«l)n ^«2>B'"<«i>>n 
n«o (p^)jj (Pa^n'-'^^Q^n l l - ^ 
P VHv£Kfi.w(i^  p q i s the ealution of the following differential equation 
ei n(0+p.-1) - «, .n(e+a,) 
3«1 3 1 -^, 1 
|p ^ V^\ 
4-
Wdb 0 {/@ s Z. tiri) 
1 !ta which no denominator parameter^ ^ y • jp*. i» allowed to 
be zero or a negative integer tw4 /VXJB- WJ"®- ft 'A 'iJAJ-^  ^ <^^^J^Jffcx 
If any nwmxirator parameter a, , , . . .* a^ ia the p q 
» P' ./ 
i s zero or a negative inteorsjA then series in p q terminates. 
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We mey ^ - ^ p or q or l)oth equal to zero * 
The absence of parameter Is emphaeized by a daehjlhe simple 
examples are exponential and binomial functions which may be 
represented as 
,.^ ^1X3)= 0^0 ( - I - { e) and 1 o (a | • i z ) -{-'h) 
yviia^'udb-^J ^ o^\ (~ V b \ '2') 
Conditions for convergence and djyergenct of p q series ^ — 
( ^ means of !)• Alefibert^atio tes t ) 6 . ; ^ ' ^ ^ '^44)1 
(1) If p j< q • the series converges for a l l f in i te z (realoi 
complex) and i t is absolutely convergent i f 2 . 1 , 
(2) If p a q + 1 the series converges for jaj <1 and for a l l 
values of parameters (TUULS SJI Q^'^^W^^) ' '^'M /i^r^^ ^^ JDT|/ 
diverges for jz | > 1 ^ 
(3) If p >(q4-1) the series diverges for z ^ o 
and series only converges if z « o ^ 
(4-) If the series terminates, there is no question of 
oonvergencej 
(5) I f p s q + 1 the series i s absolutely convergent on the 
ciwjle |z I = 1 that is z » 1, • l^if 
q P 




Re( I Ba - I a*) > - 1 for « = - 1 raepect ively . 
3:2^ DIFFERENf SERIES ACCORDING TO SI3MMATI0H OF PARia5El^ Rs|2L>-i'^ '^^  I f generalized hyper geometric ser iee i s , given Tigr 
P-»-1^ P 
r 
OC^t S p t • • • • O^Tj* tt 
n 
ei' 62' 
p ' "p+1 
ep-i.Pp » 
(1 ) 




SaalFchutzian se r i e s 
P 0 P+1 
i«1 ^ 3«1 •' 
1 l'.&. 1 ^ l:i^ nii/miLferv^ jLxQ&Vi M - 1 
then ser ies ( I ) i s cal led saalsclmtzian se r i e s and t h i s 
type of property ie called " Saelschutzian**. 
Example*- Saalsohi i tz^ theorem fS*« section 3.4-) 
3^2 
- n , a , b ; 
1 
(c-a)jj-(c-h)jj 
Cjl - c + a+D-nj J 
Swzjp (-n) + (8) + (h) + 1 , 
c(A^(c) +(1-c+a+b-n) 
1 ^^•^•h••n \ 
1 -fa^fb-n I 
€$ 
(^1) MI'-fffflfffg ffffr^i V 
tt Um 1 Pi •«2 • ••*•• • f p ••p^l ^ 
tlian etrlte (1) i t wtll p«le«4* 9w 
9 • f t^ l ^ 
*1 
tlMB eiiri«8 ( t ) i« aterly poitad r t r l t t of f l r r t kind « 
<!•) Mrlj^ ffflfM r^rfft f^, rtMft Mitf*'-^  
If 
thtB etiPiti CD is &aXl9A nmrtf tioietd rafits of oteoiA t ^ * 
^or 93artplo8;3 2 * * 




• I ^ ioiiM»«i* ^^^^^^^^ ^ Wo»ooC»r *•" IW f^P j^WBnBIIB / 
( c ^ {o»% 
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C;,4AVCLP se r ies In gauss* s theorem Is not d well poised 
hence i t i s a nearly poised seriea^jUiWKJ^ e^t^^ x^^^^^^K-^'-''^ 
g i r s t fundamental t ransfomat ion [2., |a . 14-."^ • ^^ 0 1 *—• 
I f B » i ^ + f - a - h - c , Re(s) >o and Re(a) >o^ 







e - a , f - a , s ; 
s -f h , s + c 
Second fundamental transformation j'3^^)'• \ ^ ^ ^ ' '^C* )^J 
p 
3 2 
a , h , c 5 
[ e , f ; _ 
iTT-T^rr r? 1^ =^  
[T^brf - hpn^rc 
3^2 
b , b - e + 1 , b - f + 1; 
1 + b - c , 1 + b - a ; 
••• a s imi lar expression 
with b and c interchanged. 
Whipple's theorem 1- Xf n is a non-negatiim in teger 
and if b a n d c are independent of n^ rz5^(» • T)*? T ^ ^ M - f ^ n 
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- n , b , c I 
1- b - n,1-c-nj ^ 
(1-xf 3^ 2 
~ f '^f +^, l - b - c - n j 
n 
43C 
1 - b - n , , 1 - c - a , ; 
I n whippl4<oovk the 3 2* Involved are not necessarily 
terminating^Nlfe now give Whipple's theorem for non terminating 
series, ("^^ .^^  • 9 c T ^ . 3^J 





a, b , c -5 
X m 
1 +a-b, 1 ••a-ci ^ 
" f t a -f' 2 • ''"•^"^^ ? 
1+a-b,1+a-c ; 
•SB »- [ 
» 
a ; 
• 0 1 
t ; ^^  
( l -x ) "* . 
4x 
( l -x)2 
« 2^3 
2 * ?• 2 * 2 ^ 
a,b,a+b-1 ; 
T^^ ffr^ ff ,- [^^^I'i'^ ^C'^ )] 
0^2 
a,b} 
. 0^2 -t 
a, b | 
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« 3^8 
1 i 1 




- k , l3 , c ; 
1-^+ b -k ,1 - 7+«-^? 
- I r | + | .1-7-n , 
1- N +b-ii,i- '^  +c-n I 
4x 
t . 0^1 ( . J I ; - | | ) , 2 0 i n | = ^ ^ ^ l ( J ^ a - ^ ) ~ ) ^ ^ 
^wrigl^'^irst fundamental transforaiatlon [2. ohaP.III |)' i"^  > l.--^ - O )J • 
liet 
^ iTir" 
a, b , c t 
e, f I 
- (aL (b) (0) 
- £ a n B-. 
| 7 IF n«o (e)jj (f )^ L2L 
f^ dl94^ »A 4^4^ 'j 
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nao 
fajlifc" }a+n jb+a fc+n |T [f~ 
H> 
«* |¥fii |c+n 
E 
n«oi 
a 4- a 
le 't' a fFm" ^ 
How ohaagiag a+a 
5*»G^ 1 
|e*a ff+a 
e - a, f - a J 
e + f - a + aj 
JUJU iT\<')4 6 i 4 ^ ^ 
le-f-f-a+a | e^-f-a+a-e+a-f-m 
e+f-a+a-e4-a |e+Ji-a+n-f+a 
|a+a Ie+f-a+a 
fe4« ff +a 
H^  
|b+a |c+a 
a«o | B [e+f-a+B 2^1 
- a , f - a J 1 
1 
e - i - f - a + a ; j 
jl3+a I c+n je-a-flnrv If-a+mje+f-a-i* 
a«o l a ^ | ¥ i ? = i + r • ' n i«o j^^ ] ^ — |e+f-a+a4. a liiri 
f . 
«• .[e-a+m (f-a-m i «• |b+a |c-«>a ' 
« £ " i 2 " — / 
Ora=o | e -a | f - a 1!^ j awo[a_ | (e'«'f-a«Ma}+a / 
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b , c J 
5 ^ ' 
e+f-a-fin; 
<» jb+n jc+n (e+J^-a-nn 
r 
le+f-a+m « fb+n jc+n 
- r 
^ IlsaO j^i+r^a4^ia In 
vo^^^odL^p 
"•re-a4ni|f-a4Jn fbfc « b , 0 J 
e+f-a4inj e ^ [ f ^ fe+f-a+m l ^ 
|0,Q^ \ J I V ^ (S-OJ^JL^ -\•^ VpJ;>V^^ A/^  i f l A 1 T ^ C \ " ) •K^6T«AV\Av--^-(«'~-€t^' 
» le-a-fnlf-a-fffi fF [c^ je+f-a^n je+f-a+ffi-b-c 
e-a p-«() 1 e+f-a^oi-b la+f-a^in-c V^L-VJ-^V-V^ [Z!^ 
m^ le+f-a-b-cfb lc~ - ( e - a L ( f - a V (e+f-a-b-cV \ 
f i^ f l i lb Ie^f -a -c ^ ' ^ < e+f-a-b)^ (e+f-a-c)^ 1 ^ 
fb fc" [e+f-a-b-c ^ 
]«+f-a-b je+f-a-c 
a—a» f—a, a+f—a—b—c { 
«+f-a-b, e+f-«.-c I 
(i^>M-<JUj^vvd^j 
S-ffycp B a 8 + f - a - b - _ c 
^ 4 , ^EEJL- 3^3 
|E+C iB+b 
• - a , f-a J 8 
E+C, 64- b I 
^ 





^v^AuIlis -^^  ^ ^ X A ^ ^ . 
a , b , c { 
8 , f I 
IV r?" 
fife+bfe+c 
where s r s e + f - a - b - c . 
Saalschutzfe theorem i - I f n i s a non-negative Integer and if 
a, b , 0 are independent of n , th«a 
3^2 
- n , a , b f 
c ,1-C4a4-b-n } 
^ (c -a )^ ( c - b 4 ^ r^^^ j ^ . g-7 ^7S.^ 5]j 
(c)jj (e -a -b)^ 
Theorem ; - I f n i s a non-negative in teger and i f a and b are 
independent of n -V^J^ 
3^2 
- n ,a + n , • R + ' s - b | 




Note I - Saalschutz'B theorem reduces t o ganee's theorem 
when n -• « .'\jt-
2-n I : i (c-<l j£-b 
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Thaorem j - Xf n i s a non-negative integer ^Ww 
1 
3*2 
-2n, a , 1-f-2n j 
1-a-2n, p ; 
1 
|£ .(a)2n (P)n 
.fc|i.jo4(^j 
Dixon*B theorem : - I f a , 1) , c are BO r e s t r i c t e d that each 
of the fimction^Mnvolred ex ie t s ^ ^^.^ 
3*2 
a, h , c ; 
1+a-ti,1+a-c| 
fuS^b |T;i::c fTTIF+T-t-o 
| l + | - b | u | - e |1+a l l+a-b-c 
[o-'^^p .3i-CT^^1 
C O B ( S | - ) B i n ; r ( h « | ) pHa [ b r | p u i [ I ^ [l.>|-h-c 
Bin it;(h-a) 
,.[^.Sj,.lo^(lS| 
Not<^ : - Dixon's theorem reduces to Kummer's theorem when 
Theorem 
then 1 2n+l s 0 and 




1+a-b , l+a-c ; 
W ( c ) 





a I b»-» n ; 
148-^ , 14a+311 
n 
(1+aL ( U | - IJ), 
'n 
(1+f)j^ ( l4a-b)j 
Watson's theoremi-Xf a i s a negative Integer and 
fle{ ^ - I 4- I + c) > 0 ^ H^ 
3^2 




pr r C n " * bl 1 1} a" 
I 1 a( 1 bp aT I^ L.^ ' 
\ifeen c "• ~ , t h l e r e su l t reduces to gauss 's Second summation 
theorem/ i . a. 
/ • 
a , b } 
1 2. 
•^a+b+Oj 
1 a | 1 b 
2+ 2I I"^ 2 
J   
1 "5+ "o 
Whipple's theorem :» I f R»(o)>0, Re(t+f-a-'b-c)>0 
and a + b = s l , e + f = 2c + 1 » then 
3 2 
a , b , c I 
, e , f , , 
Fir 
22-if|7|f|;|fyif|7| 
When c •* «», t h i s r e su l t reduces to Bai ley ' s summation theorem. 




Proof of Dixon's thgorga 
' a, b, c I \ 
i e t 4.J = 5^2 
1+a-b,1+a-c| 
k 
kso (l+a-byi+a-c)^. lk_ 
•• (*)ic(^)ic(o)k I "•+*••* 11 +a-c 
kso Ik_f1+a-b4-k |l+a-c+lc 
{1+a-b |l4a-c ••(»)k^^y®^k r ^ |l4&-b-o 
• ' £ ---------------------------------------|T;r h+a-b-c "^®ik j1+a-o^j l4a-C4k 
fUa^b h+a-c - (a)j^(b). (c)j^; fUa+S (l+a-b-c 
"Ua jl+a-b-c =^® llE_(1->*)2k 1 |M-b4k |l+a-c+k 
i-ty / T • ~ 
\iigW U s i n g GiltlB S * E f-^JlViiftW -feh (ji AAM/W^ ^^-^( jvv ^ v o - ^ i v j j ^ 
U^ M-^ a-^  M-»a-o •• (a)j^ (b)j^ (o)^ ^ 
P M " ll4a.b-o ^•*'lk(.l4«)2i, 
b4k, O+k ; 
1 -fa-fSk I J 
fUi i^^rui^ - ( a y b y c ) , ^ - (b^k)^ (C4k). 
FUa jl+a-b-c '^^ jkC 1 )^2^^ |£_(1+a+2k)jj 
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1+a-l)|1+a-o - » (ft)k(^)n ^^)-n 
I t 
nssO k«iO{ fT+a jl+a-b-c t-lBi^d-^W 
| l 4a -b l4«-c •• » 
= J: I: 
nao k^o pUa |l4a"-l>-o 
(a ) , , ( t>)n(cy-P) i , 
i k ( - 1 ) ^ in. ( 1 + a ^ n y i 4 a ) ^ 
(-1)^ in 
( -n) i^  
xk 1^-13 JUB-C - ( - n ) ^ , ( a y M r (b)^(o)p 
ITfa--bJHa-c •• 
! r 
f u r | 1 ^ a - b - c " * * 
-« , a J 
-1 
1+a+n I 
Now using Euin!nar!^theor«m4n>f. ("0 








1 + * t n j 1 + * 
( 1 4 * ) , 
( U f )n 
l U ^ r^a -^ « (tL(c)_ (1+a) 
V W ^ q ^ = t n n n T^iibrcrur ""^^ iMi-^*)n (^-^1 >i 
}1+a-l) fi+a-c P 
JT+a-b-c fl+eT 
t • 0 J 
1+ -5 I 
{s^ su3 using GauBSls theor«n ^ ^ T ^ ^') vnsJi.-'^.iJ^ 
LP l4a-t> |l+a-o l l + | U I >T>.c 
j1+a-b-c |1+a " T 1 " U f - b | U | - c 
tV = 
l4a->t [ i ^ l 'iD-c \l^-c T u f 
( u f - ^ M+a-b-c T u f ^ Tua" 
r "?>I^  ^ ' ( 
Which completes the proof of the Dixon's theorem ^ 
Theorem t- [l^^^' ^1 ^?^)] 
1 1 
3^2 
"2 * ^ •*• • '^* ^ " ' ^ ^ 
-1 
1-x , 1+x 
n^x 
^^^/O 
V^ .eli. nx.flTl r i T i i n i i ^ 
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SlmpleM proof of Watson*s theorem [2;chap.III V'l ^j'^'^-^'M t -
. Watson's theoren 6^-HVA, v^-m ^<^-2J^ ^^ ^i^^^^ \:)Si>6ii^> 
3^ 2 
1 a , b , c i 
^(a-J-t+Djacj 
Proof. Soy>cjjI fundamental transfoination Aj--'»*J'uii>>3^ '^ 
3^2 
f a S b», c» 
8», f ; 
ri» \v (^ 3h 
fa* )s'+b» fs*+c* 
(e ' -a 'Mf-aO.s ' i 
1 
_ (8»+b«X(8'+c»);J 
Where s» « e»+ f»—a*-b*-c' 
la L.E.S, AL the ^ theorem using this transformation vs-ii.-^jdij-^ 
a 'a a, b»« b, c** c, e»a ^(a+b+1), f» « 2c 
(^ 'wl. S's -5 + C- f - ~ 
s*+ b' » •?+ c + -s 
s + Q» * 2c + | - I ". I 
e*- a* 
• 5 - * l 
Jf-'« a» « 2c -
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a , b , c ; 
^(a+l)+1),2c; I l a c + l - f -
3^2 
^ " f*' 2• 2c-a, ^ - ^ - I * 
^HKJ+^a | - I , 2c4- ^  I - I » 
(2) 
How using Dixon's theorem -<^il'H-^- 4*® 
~\ 
a ' , b ' , c ' ; 
1+ a»- b'^ 1+ a»-c»; 
(l+a'-b«|1+a»-c» 1-f | l u | l b ' - c « 
[ u f - b » | u f^o» fl+a' [l+a*b»-c' 
U > ^ - ^ ^ A J U ^ 
<;. 1+a'- b » - ^ - i ' 2 c - | - . I 
1+ a' - c' J * 0- I 
1+ ^ w 1 + C - 4 
i + a ' . fei-. c» * # 
, ^ | L i , » 3 i ^ c . | 
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^ jj-^-J-C-fl 
1-». a ' - "b*- c ' Si c 
Now using the LegendKa^s duplication formula foTi|2c ^ "[X 
we havp -^z-C = __ -> ]^X=: V r 
-IF J F 
fir R-H!* I - f (20+ { ^ f - | l l+c- | f I 7 | t u 2 c - a fT 2 2' 
ri^  I f f^12'^^^rcf^l 1^0-^|r | l fo-1rn 
2^-^lirMiru fi;:;r|(X|2^"^2c.a.i(r;:a 2' 2" 2' 2' 2" 2 2— 2' 
(If i k i 2^ 2^ 2 2 ^ 2 2. 
1 ^ ^ I a^ "^  I b ^ 1 I 1 „ a 
Hence proved 
Proof of SaalsChutz^A>theorem [25:(>'^ (t (^ 1)] t 
S^Wx'^econd linear transformation is^ 
,2^ 1 
^ i 
(l.2i)^^"^-^> 2^ 1 




c - a, c - b ; 
z 
( l .^ ) - (c-a- t ) ) 2?^ 
a , b ; 
c ; 1 
Houi U\I^ VAJ3/V::« i -^ ;J^ ; ,VN^ Wd)o.:^«?\ - v s > v t 5 ^ r -^oH^^ 
~1 « (c-a-b)„ n « (a)^(b). z^ 
nao k=o (c). [k_ 
« n ( c a - b ) ^ ^ z*-^*^ (a)^ (b). 











^ ^ - n M ) ^ o > a > b ) ^ ( > n ) , ( a ) ^ (b)^ z^ 





- (c-a-tL z'^ l ^ a ("n)jc (a)^^ (b)^^ . 1^ 
kso (c)j^ (t:-c+a4-b-n)j^ |k_ 
nao 




How equating the coefficient - ^ on both sides U^Jl'^^ 
(c-a)_(c-b) p 
a "" .(c-a-b)^ 5^2 
<^)n 
- n , a f b ; 
c,1-c-fa+b-n ; 
3^2 




This is the our required SaalschutxA theorem. 
Slmple/it proof of Whipple's aummation theorem on the sum of a 3^2!-
r2>'%hap.III 3'4-.cO] 
C^ AiC^  theorem is , i f a - » - b « 1 , e + f « 2 c - f 1 and Re(c) >o 
,Re(e+f-a-b-c) >0;then 
/ j 
a , b , 0 J 
, e , f ; J 
n (T ff~ 
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groof s — Prom fundamental tranaforfat 101*^ 4- -^<£Xw^ 3 
e - a, f - a , s ; 
43 3^ J 
a , b , c ; 
e , f J 
F f? fi" 
{afs+bfs+c 
f; 
s+b , s+c 




e - a , f - a , c j 
c + b , 2c 
(3) 
Now using .yat^on*s theorem in (3) WM^ 
a =» e - a » b ' a f - a , c ' = c 
^*v^ ^ (a'+b»+1) a c 4- b V>-'^ ~'^ AJULQ 
y 
4> i!f£Ji_ X i H T ° l l - ^ ¥ i T ¥ ^ •fC 
fif^blaJ [ p p I 1^  f::|(l.e|3«|| . f=a 
+ C 
rn (^  [f 1^  r l ti^ (f^^I^) f f ^ 
fa^  fc+b g2c-1|— i-rT^ i 1 -H?"a fT-t-f-a" f 1«e-Ki-t-2c pn.2c»f4-a 
2 • 2 
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Now using the relation a + b « 1 , e + f w 2 c + 1 
u feff |-5-a+c+ ^ | ^c+a -c - -j 
1^  i^t 22°-i| f s=a-| 1^  1^1 ^ . e = a : ; c r ^ n ^ 
le-fr 
o2c-1 (b-^e fb-i-f f1-e-i>a4-2c |l-f-t.a-t-2c 
2 
Fir 
22C-1 ib-^e b-t-f [e-t-f-e->-a|e->-f»a-f 
^ £f iZ *» 
FIT-
22C-1 p e „ , [b^ , [ i 2 . [ i i T ; 
Hence proved 
I f Re(a)>o, Re(p)>Ojand if k and s are positive inte^»n!b^ 
"^^vy^.A) ^o-LS.-tc bA •'V\&v\- mil^dlUMi /^vdE-^ ^Ab oOidb Wi"^ "^^^i® ^ H6 
85. 
<5^^  Jui & rv\Q^ \^&'iAx^ -o-vcfe^ ^ H^v»-^<s^ C^ b^vvvA^ ^ ^ww. bovfo ju -Uds^^ 
-\^ ;j)/vv inside the region of convergence of the r e su l t an t se r i es^ 
/ x«-^(t-x)P-^ p^c 
^ 1 * ^ 2 ^ 5 
c . x . ( t - x ) ® dx 
1 * 2 * * 
»B(a,3)t°''*^'*^ p+k+s ^q+k-»^ 
t • * • 
k+8 
, k 8 ^ .k+s k 8 • c . t 
1 
(k+a) k+s 
3.S»A SIMPLE UTEGRM POR p^q J25c,\' 'b "^X'^ ' ^ ^)\ f — 
I f p i ( q + l ) , i f Re(b^) > Re(a^) >o,if no-one ^ b ^ , b g , . , b i s 
zero or a negative integer ard i f | z | < j 
P q 
H * ^ » * * * ^ » 
b4 y bof • • • • \ f t V 
K 
fa"^  Pb -^a, 
1 a . - I b.-a- -1 
/ t ^ (1- tX^ ^ 
ft r 
a p « • « aa-. { 
25t 
I b « . . . . b J 2 q 





connldl3ro£! ,»arnr<itti,t ^^'inctloi^**or J«'*ol3fV>?ia1 Iqguerre's 
mlynonlnlR -in^ . ::;~ ._ . '^»': ivecL 
LJ(X) a-0 laflnel in n?5;^'Oc,;?54j 






- n t 
- n,1+a4*T>^i ) 
1+ a 2 J 
Flr r t m )rove the follo^lnf; ral'^tlofi 
P 0 n 
a , . o« i 
• ^^ p 
2p U2q 
"fi t i 
\ * •> 
P-T-1 , 
4 . TC' 
J 
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I f P < a , this is convergent for a l l x in a f in i te plane 
«s 1+q, tliisJ4ponvergent when jxj < | 
^1» • «p * 
Prooft "t^p q 
p. P f H« » 
nao 
^ ^ n (a«). 
n covers both even and odd valuesj 
of integer, / 
2 ^"l^2n Khn 2n ^ * «^1 ^2n^1 ^°n>2n^1 x^*^ 
n.o | a n ( p , ) 2 „ . . . ( p J 2 ^ ^-°|2S±l(Pi)2n4.1 • ' • ^ ^ ) 2 n + 1 
Now using the formula 
(«>2n ' 2'°(-r)n(^)«[25'.h 1> .^ . - - '^1 ^ 
\jlfe get the following step 
^ '^2p^t+2q 
"1 "1 ^ 1 "p "P 1 
11 1^ 1^ 1 i^i ifl. 1 




^ r * " ^ q 
»2p l+2q 
z* "5"* 2* 5"^ t • • • • 2 * 2* z ' 
^p-q-1 ^ 2 
Hence proved . 
How oona^er the genera t t ig fanotton 
r 
• (ja)P («-«•?-«)(,,), 
naC3^nt-p) 












- f ' i - f I 
4.- -z • 1.1 - a 
?• ? 2» 2 2 
Ot | ( l - x ) t 
. a o-H? 
2^3 
1 
2 2 '^ 2 
[.|.f.|,1.f. 
How ohanglm; t into | t rmd using the fv^ot that 
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-It 
e COS t + 1 nint ^ 
I t becoesss 
(,t£n.1,«i«2n-1) 
2ii+1 (x) 
«0ofl|(l-x)t ^igxa|(l-x)t 2^ 3 - f4 - t » 
4-f-l*l-f-
-t' 
1 ? « 
w / (SaftaSra 
a+i5 
(l-.x)t (l-?s)t 
03S H-i Bin 
2» 2 P 2' 2 2 ' 
Xf ife saomrate this Into real i^nd Inaglairy p ^ t s we obtnin 
ae 
£ 
(•t^)^ P (s-.2n,r-2n} 
I 2n \%\ 
n»»(«-a*^)j5jjj 
- COB • | ( l - x ) t , 2 ^ 5 
L 
4-f , 1 - f , 








( l - x ) t 
a cos .2^3 
1 - i . 1- a 
2 2 * 2 
L 2. i . a . i 1- a o» o o 2* 2 2' 2 2 2 ' J 
-(5^) s in { l -x) t 2^ 3 2 » 2 2 
i _ it . i i « a « a 8 
2» 2 2» 2 2 2 ' J 
.© 
In case we replace t by i t the upper two equations (4) and 
(5) Tsecome 
7 t° p (a-2n,p-2n) , 
« cos h -^— t 2 3 
a 1 a 
- 2 • I " 2 
1-a -i i 2* 2 2* 2 2L 2 «£ 
t 
a^s ia h~fl-x)t.2^3 2 2 » ' 2 * 











a cos h - ^ ^ t ^ .2^5 
2 2» 2 
2 » 2 2 2»' 2 2 
- (a+p) t^s lnh^*" .2^ 
- f ' l - f ' t 
^,- f - 2» 2 " ? " f * 
Lilce wise, from the^jcaerating function for laguerre polynomial 
[25^1=201(0'] 
£ , 7 ^ Ll (x) » e* 0^1 
- x t 
1 -H; 
it follows that 
" +n ,(a) p p 




1 I 0/ «( 
4 ^ s in h t^ 0^3 1+a 
natO T 2 + ^ 2n 
and 
i- L 






(x) a (1+a) t s in h t 
1 
2 







h ' * f ' f t» 
^ 
IntaroAuctlons H. M. Srim^tavi ^ .f3i;^191-195) 
P 8or» identitlea InvolTlog p q , 
We havo . tiis Idas of ^^aparatlon of a power series into 
I ts even aacl odd terra In th« '»ri^9di!i<j fraction exhibited by 
tiie eleraentfury tdomtlty. 
n«o I**? n-ao 




^ 1 ' 
Opl 
. ? , . 
n«o 
. . . (7) 
l ! L . 
wfeoro^as asual ( \ ) . S + Q 
^ 
\ j ^ ' 5 r0 1 ^ ra^rhrr lyanaldl'jteiy to thfi ele^^^nt result^, 
r-J f • • • • Sp I 
F 8 « ?n 234-1 
^ • • • • • ^ ' I 
g 
2' 7^' •^* t . .» "JTi ^ 
+8 
I ^ «. X f "" "/jl^ f • • . I '71" ' f "A • I i 
ii« • • • «p t)>F2q*1 
gf "^1 t 2*^ f • • •» ^ * » "2 
1-T>+a . (8) 
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whara for convsrm^ce p jj q anfi {e{ < « or p 
I t being apetniiad thf^t 
f^ ft 0 , - 1 , - 2 , . . . . I V" 3 e ) l , . . . . q 
q^l and {z i< i . 
(9) 
The hiPtory of the Ferlee idaiitlt^(3) l£ raEarkalDly fesclnstliif 
I t wae given lnj^954 1y T.V. MedRohert [iSk ,95 Bq.(B)] in tertre 
of hie K-function which i r defined i?han p jC o^l, lay 






z ( 1 0 ) 
where p ^ q end o<J25|< *» or p » q+l anj \^\>,\ EecFtotertfe 
rerul t icay he racctlled here te the corrected and e l i ^ t l y 
modified fonr j 
Hvt «^ Opi qt 3 , . . . .B t l a i * * ) . 2 ^ (Vis)^"^*^ . 
[= Q-P ^(2oj " i ' h f i 
fl_ P 
7 t "-'o '• » '" A » • • * ""^jT'i '"' 'X' 4-11 4 ft e*~* JI ( 1 1 ) 
where for eonv|^rit^c» 
94 
P » T a . - 5! a^ • • . (12) 
^ j«1 •' 3»1 3 
T3vld»ntly, Invlpw of (fe), EecroTsert »B forrula (11) Ic the 
PBira CE (T) undar the condition etsted with (9)» 
Genarpligsationr involving hypergtoratric Ptrier /k-
I t i r eseily verified that the elaciantajcy identi ty ' 6 ) ie 
contEiinad in the following general result ^ * , 
T ^(n) • ^ r (KnH+3), . . . (13) 
nslO j s O IlaO ^ 
whftrt ^ ip en erbitw^ry pofitiva inteffer. 
ly GGUFP'B rultiT)Hoption theo^er, for perra function 
,^  4(l-«!) TBg- 4 ^-1 C "1 
Jwz m i2n) ^ m ^ n fi5+f . . . (14) 
^w^cn^^ttt ) l , 2 , 5 . . . . . 
we have 
en ni 
k a l 
(15) 
end 
, Brn B 1 J 4 
Jtsi 
where n if a non-4ie etive interior. 
Thus the definition (7) in cpnjunction with (l3)f(1^) end (16) 
yields the desired ^iinaraligat ion of (8) given hy 




A ( N I a^+^) f A(Nj ctpf-j') I 
^ 
*(N, j+l ) . A ( N j p ^ + 3 > . . . ^ N i P +d)l N^<1-P+^^^ 
. . . (17) 
which holoLstrue under the seme conditione ee these of (8) « 
for the iy-^e of brevi ty , here(and in what follows) we find i t 
convenient to uee the symbol A(N; ^ ) to denote the array 
•of H pararoeters 
> A ± i >^ 4-N>1 
N N N •» ^ > 1 
and the aai^^eriek in A (^5.^+0 represent the fact t h a t 
N 
the denouinator parameters ^ i e always omitted 
0 ^ JjCW - 1 , BO that the Js^t ^ (N|J+1) obviously contains 
only (if - 1) pararaeters. 
for If s 2, ( t^}er ident ly reduces at once to (8) and I t e 
gpecial oase. when N = 5 may be wri t ten in the form 
A ( ^ i a ^ ) . . . » -^ (^ 1 Op); a . f • • • • a 
z 
P 
^ ^ f f.A(B; 31)^-^^!); 
4. J i L - g . 3p'3q+? 
1 
3p^3q+2 
A(3; a.+i),...,A(3ia^+i) ; 
z 
| , f ,A(3lp^+l),. . . ,^^(3}0Q+1)j^ 
1 
(1-P+^ 
a^(« , .1 ) . . . .aJap^1) ^ 
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3p^3q+2 
^C3f a^+2), . . . ,A(3; ap+2) j 1 
| , f,A(3;p-,+2)....,^(3;Pq+2); 
0-p+q) 
. 9 





CD s — - - A . | > 4 . t ' , J 
««^ fa » fl . 
*^ F r * * i ^ * * * ^ 




't ^••••^''q * . I 
p«-iVi 
t»2-«'4>***9^g't^ f 
^^' p+ r^r^-Ns+l 
" ^ • ^ f ' ^ ^ p * «^f**f«^ f 
;i 
v + i f b^^«, b^t f i | / »»^p I 
1:*U 
p* iV i 
•HQffi^^.^a I 








Hypergeometrio functions of two var iables 
4*1, Sitroduction : -
The great succesB of the theory of hyper geometric 
s e r i e s in the var iables has stimulated the development of a 
corresponding theory in two and more va r i ab l e s . 
Appell has defined, in 1880, four se r ies P^to F- which 
are a l l analogous to Gauss 3,P(a,p ; ') ; x ) . Picard has pointed 
out tha t one of these se r ies i s int imately r e l a t ed to a function 
studied "by Pochhammer in 1870 and Picard ^ Goursat also 
constructed a theory of Appell*s se r ies which^analogous to 
Riemann*6 theory of Gauss's hypergeometric ser ies* P.Humbert 
has studied confluent hypergeometric se r i es in two v a r i a b l e s , 
Appell and Kampe de Periet(1926) have worked more in the 
hypergeometric function/^of two var iab les and three va r i ab l e s . 
Horn has investigated the convergence of hypergeometric 
s e r i e s of two var iables and established the systems of p a r t i a l 
d i f f e ren t i a l equation which they sa t i s fy . 
A.Erdelyi ., Mellin and others invest igated a 
Bpeci<^l hypergeometric s e r i e s . 
Birkeland (1927) stated tha t every r a t i o n a l se lut ion of 
functional equation can be decomposed into l i n e a r f ac to r s . 
Ore noted (1929) that the Birkeland theorem i s not ©itiaLy 
general and gavej(l930) a through analysis of the r a t iona l 
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polutionr from Qr^Jts re fu l t . 
4«g /^?PKXL*f RYF?RaSOMBTHIC fUffCTIO^ SOF TWO Y/RI/T^Iir • V 
DafinltloTH>. /ppell defined the followlnj» four ftonctlone 
"by iticreerlng the nuwber of verlpbleF 
J 
?^(a;i3,l)tcsx,y) 
"ir.iiao (e)p,^ l^jn. 
P2(e;v,h»fc,c»fx,y) 
iTtnaO (c)^ (c ' )n Is. Is. 
F3(e,e*;b,b' |cjx,y) 
end 
« ( e ) . . « ( b ) „ . , x "y° 
'^ ir,n«o(c)p, (c»)„ In In. 
T h e e e ^ p e l l ' p functlone are e l l the getierellzetloti of 
rraure*£ l]Qrp«»r.»eoretrlc function. 
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DERIT/.TIOH OF MORE GEHERAI RESULT THAN APPm-.L S^ FT3FCTI0WS; 
These functione can ba derived from the following concept 
of the pr«dBct of two hypergeometric func t ion^o we have 
double ser ies o.:f a- product depending on the two var iables x 
and y. 
/ K a . b s o . x ) . 2 J ' i (« ' . * ' t = ' i y ) 
m „n 
^ ^(aVa'y^Vb-)„:c"-y 
m ,n«o(c)Jc»)n IHLIB. 
But (^)ru*(8^')j, can be replaced by the compositft. corresponding 
product, involving both of the indices of euromation m and n . 
i»»»(a)jj(a)jj i s replaced by (a)^,^^'^^^^ f i r Ft Important 
pose ib i l i tH ' iB given below. 
Now by the aoplicat ion <»f the binomial theorem double eer lee 
•a 
reduces to the function 2 l(a,bjc|XHy) ^ 
This process i ^ a special case of a more general r e s u l t . 
TK^ RBGIOI^  0? COWYERGTINCE \-— 
The region of convergence of the Appell^series i s 
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T V F p BeriPF converg/^ for region \x\ + )y| < j 
The eerlee for P^ and P_ both converge when jx)< | , )y j < | ^  
The eer ies I. converges when Ifxj + |Vy| < | ^  
4.3. DOUBLE DTOEGRAI REPRESENT/TION OF APPELL'S FDHCTIOH F, t 
W.N.Bailey [5^.12-14] gave a double in tegra l 
representat ion of F.'« 
Vie consider the function 
(1-x)"^(1-3^)""^ F, l a ^ b ; c , c ' ; - X f 
* (i-x)(i-y) (i~x)(i-y) 
which i s analyt ic function of x and y when jx | and Jy j a re 
suff ic ient ly small and can thereffire be expanded in a double 
se r i e s of powers of x and y . The coefficient of x y in 
t h i s expansion i s 
r=dO B=o lr_|_B_(c)^(c')g l^-r^ V_ -^A 
( a ) J b ) ^ m n ( a4c )g (b .n iy ~m)^ («n)^ 
1^ |n_ rrao /§so |r_|B^(c) (c*) 
B 
F^,( a4Bi, -n I c 'i))^ F^ ( b4Ji ,-m; c • \) 
102 
Now W SaalBchuts'c theorem for tha sum of a terminating 3 2 j 
and BO 
•=5^2 
r a+b-*o-c'+1 ,-!n,-nj 1 
1 -c+b-m, 1 -c * 4«.-n j 
, - a / . „N-b (1-x)"^(1-y)-" P, 
L 
a ; b ; c , c ' • , 
(1-x)(1-y) (1-x)(1-y) 
L 
3S £ ii 
111=0 n=o (m_^  l2L,(cVcOi 
X 
n!in(m,n)(a+l>»c-c'+l)„ (-m)^ ( • ^ ) -
y^-o |£(l-c+b-ffl)^ (1-c '+a-n)^ 
Putt ing ! n = r + B , n « r + t and inter^chai^glng the order 
of Eummation , we get 
r+B ,,r+t 
r=o B=o t=o Ix [s H(c )^^g(c*)^^^ 
r ^ [n_ (c )^ (c» )^ 
6>vl 
^^ 
^Pfb+TfC'-a; c '+r ;y) 
using the well known formulf^ 
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Now on wri t ing in place of x,y i (- •:j~) /- .^ ] 
we obtain 
P. a;t);c,c»j x(1-y) , y(1-x) 
3t^  y^^]^(a+r,b^JJ c^r jx)J?|(a+r,l?4'r|c'+rj y) 
which ie val id inside Pimply connected regions BiirroioidIng 
X = 0 , y = 0 for which 
1 1 
|x(1-y)P + |y (1-x) |2 < I and c+c« :» a + b + 1 ^ 
J he proof i s eppily jus t i f i ed if |x | < Q » | y | < 6 where 
f = 5 - 2f2 in which case 
!x|2 4. |y |2 < 2 e' ' = 1 - e < | (1-x) ( 1 - y ) | 2 
The coirplete r e su l t then follows by an appeal to the theory 
of analyt ic contA<y»M)9tion, 
In the above proof we hayt obtainedthe fornmla 
(1-x)"'^(1-y)"^ F,l a ? b ; c , c ' ; 2L 
(1 -x ) (1 -y ) , (1-x) (1-y) 
= % 
( 8 ) J b ) 
r ' "r - ( a + V c - c ' + l ) ^ x V / j ( a ^ r , c - . b , c 4 r j x ) X 
n=o lr_(c)y(cMj. 
X/ j (b4r ,c ' -a ; c '+r ;y) 
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If w« replace the hypergeometrio functions on the r ight ly 
integral representations and ewm with respect to r , we find 
that 
(i.xr*(i-yr*F^ a*,b|c»o' ; - ^ - ^ 
(i-x)(l-y), (i-x)(i-.y) 
(1-vyf-«'(1«w.xy)^+°*-^-^~^ dti dv . . . . (1) 
provided that Re( c) > Re(a) >o,Re(c') > Re(h) > o and 
x,y l i e inside simply-connected regions Burr6«wrding 
X =0, y ^ for whidi | x | % |y | ^ <|(1-x)( 1-7)1 ^^ 
The l a s t condition is satisfied for example i f 
l i e l l 
W i e . i y | < e ' where f2 ^ e '^<i( i -e) ( i -e ' ) \2 
<:^ ¥^i*jumdy has pointed out that 
i ' ,b,c.c';x(1-y).y(1-x) ! :. KJE*— h X (afbfc^fe-b 
0 0 
(1.ux)^-°-°'+1(1-vy)^«>-°'+1(lHix.vy)°'^^*-^-^1 du dr 
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provided tha t He(o) > Re(«) >o,R»(c*) > R«(T9) >o and 
1 1 
\^\ S t . i y | < e ' where j e ( 1 + c * ) ^ ^ 4- [e '<1+o)72 ^ j 
end (1) traneforme into each other by the subs t i tu t ion 
1 -u ' i ' 1-v»y' 
where x =— , y » ^^ — * 
1-x' 1-y» 
4.4* SOME NEW RESUITS HfVOLVING JLPPBIX»S PDITCTIOH ? . l--
I I 11 r i K m i • I II II ' 
P.H. Rathie|26 * j>j). 460-4611 gave the important r eeu l t e in 
hie work t^n©wA VNT^MI \yi^'^M<i J la>U5^ />&wvc_ -«. B^c^^-L 
Taking c" a a,p-a=h, \ s" Hp-aaa4-"b 
«2 ^2^ ^2 2 . 2 „2„ 
a s c x« d s o J* 0 « 0 z 
ftqutUon (7) on page 460, we get 
r • 2 '^4. (a+2p,a4b+2r*a,b+1$-x,y) 
raO [r+1 ja-fr ^ 
a±b_» a±bxi. -w ^ . . 4y 4xg 
2 '^ (i+x4y+«r d+x^y+zr 




=(Ux+7) 2^1| 2 ' 2 j ( , ^ ^ ) 2 
b+l 
NOW ^ t t l n g y ar-x in 
equation (7)e.>pag» 460,-V^w^<S^*r-^ . 
Ah 
a+2r,a+l)+2r, A | ^ , fii|^i 
afb+l, B.+b J 
-.i^x 
tha following function.^ 
f CiD 
« f 
(a ^ )iWi i^'h 
x,y 
( c ) i ( d ) , (dOl 





= I - — 
j|pp«ll*e functions exe special cases of the KaCj^e Periet 
function. 
?]»"• s f^ , ?''•] a P«, P?»^ « f- and P?*? « P. 1,0 1* o»1 2* 1,0 3 Ot1 4- ^ 
Not«:- The Kampe de Periet function is double hypergaometric 
function of higher orde;^^'; increasing nunher of perametere 
in the ^ppell^functione. 
Oartain Kampe* de Plr ie t functien^ara tomediately 




( a ) , - - , 
( c ) i - - - t 
1 
z,y 
' A^ C 
(a) I 
(o) ; X + y 
pO^B 
'oiD 
- t (d)i (d ' ) i x,y 
BFj,((b),(d);xj)( B^D(J^'>»<*'>»^ 
- A^-I^t A a ) . h+b«,(o)|x) 
Tf one or other of the variables, or i f one of the'%*» parameters 
tend»J6zeire, then the Kampe' d« F t ' r i e t function reduces to a 
h ^ e r geometric function of one variable. 
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The region of Convergenca ^ktm 
If A + B < C +D + 1 Avxt p < r- y q < S'So the eeriee in 
t h i s region converges for a l l values of the var iab les t5C'i'->4/|'' 
I f A+B > C-HD+1, P > r , q > B the region of convergence 
reduces to the or igin only in the oxy plane. 
4.6 HORg^ FUNCTIONS"? 
j ^ y* i^W*oA 'f^^^cifcev^ ^3tn^gLU>^ JW "^^ ' f H «.*, 
Defini t ions *,— 
' in,n=o jip jn 
GJ a 1^ ;x.y) « S ""-"' , 7 -
^ ^ in,nss0 [m_ [n_ 
» ( a L -(hV _ ( c k x" y" 
H. (a .b .c ;d ;x ,y ) = S m-n B-t^ i J l 
ro,n=o(d)j^ [Bi_ jn_ 
H«(a ,b ,c ;d ;e ;x ,y) = 2 — ^ - S S—ft—B 
ii!,n=o (e)jj, [m_^  ln_ 
IL(a,h}cjx,y) = I — ^ ^ ^ 
^ m,n=o (c ) [m_Jn_ 
« (a)«„ „ (DL 1°^  y" 
H.(a ,h |C,d;x ,y) =S — ^ ^ ^ S 
^ m,n=o (c)jj,(d)jj jm_ ln_ 
I / / ' / I ''vi ' 
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H5(a,b;c;x,y) = I —^-^^ 
,n»rf) (c)jj |m_ |ii_ 
H6(a.D.c;x,y) == I —2S=S H ^ ^ - ^ 1 
H«(a,l),c;djx,y) = I ; ; 
The Region of Convergence «,— 
Since Appell 's function f^convergee for region |x |+ |y j <| 
P^, P- converge for region jxj < j , jyj < | 
and P. converged for region jlfx j + llfy | < | « 
hence Horn's functions also converge above the region 
i . e . . in | x | < I. | y | < | , | x | .^ | y | < | and | J T U \JT\ <| , 
4-.7 INPINITE SUM OP H. * . 
. • \' M^pathan gave in his research paper hz.© ' i»\»* •'^ i^M-B 
an i n f i n i t e sum of H , ^ Uu. «ffWu 
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- <-^^'<'^3r ( 1 - Zr2r. „^ 
r=o 1£_(SV 
I 
a+2r,6,'^ + ^,26; 
( 2 - y ) ^ *(2-y) * x ' 
/2-y>z ^«Q( T,(^n SL a ^ 1 n ^ ^ 1 A^ 1 . - 1^ 3C 
z 
(2-y-z)2 * (2-y-z)2 
r ^ 
r=o ji^ ( ^ ) (1+x+y) ^h a+2r;p , ^ ,'6,g; 
2x ^ 
1+x-»y l+x+y 
— z a , p , ^ , 6 ; £ « , ^ 
wv^o;-.—^ ^,^.j ' (u^-yr (ux+y) 
* - » • ^ a 
« ( - l ) " ( a ) p ^ z" 
^ j3 • — 1 £ 
r=o l r _ ( ^ / y u x ) 2r 




= H. « fu c 2 2 X 
ro< (Ji) T^, 
(l+x)*" 1 + x 
^ " ( 'O^ l^- t -s- l (a)2B x^ H4Ja+2s,p,6+28,2pjx,2y 
s=o [B^ J6+2B--i L 
I l l 
T. 
e-0 tr_ (6)23 
Btfinltlone ; 
* ( a L •.(^)«, J" •» 
0Jb,b' iejx,y) « f - » n 
(^j(bjcix,y) » r — S . 
''•"'* (c)„^ l5L In. 
« (a) s?" y" 
P.n-o (e)^ (e ' )^ K l n _ 
t d i i ^ a * a'.fefC|x,y) « r - 2 E.-JS 
tlL liL 
oo ( a L ( b L Z' y" 
'J~H,2^a,b,c;x.y) 3 7 -"'''^"^^ . 
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4.9^ THE tOHFLPEFT 1X)UBIE HIFERGEOMETRIC FmCTlOH^l-— 
J . I . B u r c h 3 * l l and 1|;\JI^.Chaundy|9»page.ll6Jgavt eome r e s u l t s 
on the coafluent double hypergeometric function* * 
If in the simple hypergeometric function 2 1» we 
1 
write - , e X for b , x and the l imi t e -* o we get the confluent 
hypergeometric function. 
Ilm 2^1 ( 4 . ^ I c; e x ) = 1^1^^^ <^  » ^ ^ 
e-*o ^ 
A second l imi t gives 
lim 1^i( I ? c ; ex ) = o^ih 'c ; x ) 
e-o 
where o^i ^^ expressible ae a BerFel funct ion, , 
Similarly l imi t ing proceeres in the double hypergeometric 
function give, in addition to products of^:^, .P ,oPa and the 
functions of x + y , the seven confluent double hypergeometric 
functions ^ . , (|)„v (!«» 4^\» "f«» TT. TT in P.Humbert's 
notat ions ei'f^i P. Appell and J . Eamp^ de P f t r i e t ^ t , " v 
in a l l fourteen functions which we can group as follows. 
(})^(a?b;cjx,y) = 1 I (aL ^ (bL x" y° 
ffisio nseo [ffi_ jn ( c ) TB-fn 
trt " *• ( a L „ ( b L 
H?^(a .b |c ,c ' ;x ,y) . £ E I J i S . V "^  x^y"^ 
m=on=o[m [n. (c)jj, (c')^^^ 
TT « « (a )„ (b)^ (a*)„ ^Eyh i j l j . ( a , a ' ; b , c 5 x . y ) = I Z i / i ^ / / s 
^ mao n=o L5 l£. VC; 
andgP-jCa.bjcjx). ^^^ (a ' j c ' i y ) 
m-{Ji 
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()>2(a,a»;cjx,y) s i s (»V*')n X ' n 
ffiaO UssO |lD_ )ll ( c ) 
m4n 
M at (a) 
m43i 
-V 
in=o nao |m_ |n_( c )jj,( c * )jj 
and ^F^(ajc;x)*^P^(a' ;c?^*^F^(a|cjX4y) ^ 
» « (a ) (TD) X 
X ( a ? b ; c , x , y ) c:E I — ^ - f—-
'—»2 m»o nao ]m_ | n_ ( c ) 
m n 
in-til 
and 2P^(a,b;c;x)»jjF^( - j c ' ; y ) 
I I B 
00 0 * / \ ni ^n 
(a ) j j j X y ( | ) (a;c;x,y) ^^  ^  r | / } ^ ( e L ^ 
I l l 
and ^P^(a;c;x),^P<,( - ; c»; y) 
y 
,y^ (-;c|x).jjP^( - ;c»jy) and ^P^( - | ci x+y),C IV 
The grouping i s by the Euffixee in the numeratore in I 
they are (n),injn)^in I I . (m,-VN ) in ( I l g ) . (m^in) and in I I I 
merely m i i^ lY the numerators ere un i ty , ^^he numeral 
indicates the degree of " c o n f l u e n t " i . e . the number of 
l imi t s tha t have been taken. In I I . and 17 there i s symmetry 
A 
between the suff ixes; the others are " skew" i . e . onJ5Lsuffix(m) 
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pr»domimtBB in tta» nuroaratore^is I , 1 1 . vt» need )x| < } 
for convergence; the convergence le othervlee unreetrlcted. 
4.10 TWENTY SIX -BXPAHSIOFF FOR -nOTTRT.T! (lOHH.Vplf 
J.I .Burctoall and T.W.Chaimdy fe',p.ll8J heve given twenty 
eix expaneione of the confluent functions UEing eymbolSt^  
operators i&ethod^ W» write down tliese expansions as follows. 
• (a) (b) 
(f.(a|l)jc,c»|x»y) « ^ '—--^—x*" y'^«P.(a+r,h4rjc+r|x)j( 
^ r«o | r . ( c y c ' ) ^ 2-1 
^P^(a+r| o'+r; y) . . . (1) 
gP^CajbicixX^P^CajcMy) =» 
* ( - 1 ) ' { a ) J h ) 
• £-—-£ x*".y .^ ^^^(a4r|h4rfc-»J?|C»+r|x,y).. (2) 
l£.(c)Jc) r ' ' r 
L i . ( a , e » | b ; c | x , y ) «7! S S E j ^ y^ y^  
r«o L r ( c 4 r - i y c)^^ 
2F^(a+r,h4r|owr|x)'^F^(a»^rjc+2r;y) . . . (3) 
« ( a ) { a ' ) (b) 
«f4(a ,b |c ix) . .F . (a ' | c iy) « z .^ ' ^ :^ *^ y j 
r«o l£_(c) ( C ) 2 P 
^ (a+r,a*+r|b4j;c+2r|x,y) . . . (4) 
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oa (|i ( a | t | c j x , y ) =: I •—S £ - £ _ - - 3tfy^|t 
r=o ^ (c+r-0 (0)2^ 
2P^(a4r,b4r;c+2rjx).^F^(a4J?;o+2riy) . . . (5) 
-P (a , l3 ;c ;x) . P ( a , c ; y ) »E -—• ^ « I L _ i ^ j ^ 
' r=o j r ( c ) ( c ) ^ 
C)>^(a4Jr;l3+rjo+2r;x,y) . . . (6 ) 
,r X ~(a)^ (b) i^y' 
^^ (a |b jc |x ,y ) « £ ^^^ ,."; X 
;. H •^(a4r«a4f :b+rtC4-2r:x,y) . . . (7) 
t J j ^ ( a , a ; b ; c j x , y ) = 1 —* ^ ±— ^ 
raao |r^ (c) 2r 
(^^(a+rib4r;c+2rjx,y) . . . (8) 
(| ( a | b j c | x , y ) « s ^«E £ - X 
r-oli^(c^j?-1)^ (c)2y 
3c^  y ' 4^-|(a+2rfb4Pfc+2r,c+2rjx,y) . . . (9 ) 
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4>^(ajT3jc,cjx,y) 
- £ —^£ £ X y 0.(a+2rj'b+pjC+2p|x,y) . . . (10) 
vr 
H^^(afb|c;x,y) Z \ ' '^ ^ ^, ^ X 
jjT y r 2P^(a+r,T3+r}o+2r}x)-^P^^,c+2riy) . . . (11) 
2P^(a,bjc|x)^^P^( - fc iy) 
- ( a ) ^ (b)^ ^ ^ 
% i o l r . ( c ) ( c ) , J^2(a4r |b^J ;c+2r?x,y) . . . (12) 
(>,(a|Cfx,y) = E - ; £-——- Xx y x 
^ r=o |r_(c-u?-l) (c)^^ 
^P^(a4^?c+2r|x). QF^(-|C4.2r;y) . . . (13) 
^F^(a;c?x),QP^(-;cjy) 
« ( a )^ x^ y^ 
_, £ — £ *(|)-(a4r|c+2r}x,y) . . . (14) 
r«o | ^ ( c ) ^ ( c ) 2 j , 
* ( a ) _ ( c - a ) x^y^ 
.P (a |c jx+y) « E 7-^^ ^ X 
r ^ l r _ ( c 4 r - 1 ) ^ ( c ) 2 ^ 
1^l(a4ric+2rix)«,F.(a^ric+2riy) . . . (15) 
11' 
« (-if (a) (ca) /y^ w 
^P^(a+r;c+2r;x+y) . . . ( l f ) 
"• (a) r r 
.P.(ajcjX4y) » £ ^ ^^ (^J&^,a^iO+2Tfx,7)..* (17) 
^ rso |£.(c)2y 
<t>2(^»®?°»^»y) 
^ - ( ' • 1 ) ^ ( a ) ^ x ^ y ^ ^P^(a4r5c+2r,x+y) . . . (18) 
r=:0 (r^ (c )2j , 
^ K - 1 ) ^ ( a ) x^ y^ 
' rso lr„(c+r-1)^(c)2^ 
H^2(a+2rjc+2rfo+2r;x,y) . . . (19) 
H- g ( a ; c , c | x ^ ) « S <?f ^ X (a)g^ ^ y^ 
^P^(a+2r;c+2r;x4y) . . . (20) 
(-1)^(a)y (a ' )^x^y^ 
r=o | r j c+ r -1 )^ (0)2^^ 
^P^(a+r|c+2r|x) X (^P^(a'+r|0+2rjy)) . . . (21) 
(l)2(a,aMc;x,y) = E -";— ^ . / , X 
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m ( a ) ( a ' ) 1^ y^ 
^2 2 E ^Ja4r,a»+r;c+2r|x,y) . . . (22) 
r:rf> j£_(e)^ (C)2P 
•• ( a ) 3t V 
U) (a|c,c»|x,y) « S , f ^ ^ X 
^P^(a^ic^jp;x)'^?^(a^r|c'4r|y) . . . (23) 
- ( - 1 ) ' ( a ) _ i ' y ' 
.P (a|C|x). .P.(ejc»|y) »J: ' , , / , X 
^ ^ r«ojr_(cyc»)y 
^-'gCa+rjc^rjc'+JPix.y) . . . (24) 
^{"if y^ y' 
oF-(-jcix^ y) »T. -— -rrr" ^ 
" ^ raolp_(c4*-1)^(c)2p 
.F ,P^(-tc+2rjx)c 0 1(-|(^*^;y) . . . (25) 
^F^(-|C|x)r^P^ (-1 C|y) 
» r ^ ^ y T . ^F^(-,C42r,x^y) ^ . . . (26) 
r-o lr_(c)^ M^ 
flm remark the abpenoe of any formula connecting ,11^  with 
H> ^ or 02 with Wg . 
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4.11, WHITTAICSR'S FUNCTIONS AND lAaUERRE'SPOLYNOMlAI^ I-
Be fin I t lone t " Whit14.8r function \ JQ(X) and Wj^  ^(x) are 
re la ted to hypergeometric function "by the r e l a t i o n 
J^-^ T; \^^M = x^'-^a 8 - 2 - 1 ^ 1 
and 






Whittafetr'/ifimctIon Mj^  ^ and taguerre*B generalized polynomial 
i j "being defined as J^  
M^^„(x) = x * + i . a x p ( - | ). i? i (b-k+|(2*+1(x) (2) 
! . ( , ) . .^44 . . iV -n, a.1,x). ^ (3) 
n' Is. |a+1 
I t i s c lear tha t any formula irnrolviiig 1^1 ^®" ^* r e s t a t e d 
In tenne of e i ther of these function e (with the r e s t r i c t i o n in 
the case of l ague r r e ' s polynoirlal tha t n le an Integer) , jhue 
(4) and (5) &^^^ "^"^ 
« ( a ) ( c - a ) 
^P^(ajc|x+y) = 2 2^  .. x^ y X 
r=D|r_(c+r-l)^(c)2jp 
^F^(a4r;c+2r;x). i^iCa+rjc+2r,y) (4) 
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and 
^F^(a;c;x) . ^P^ (a;cjy) 
^ ^ ( « . 1 ) ^ ( a y c - a ) ^ / y ^ . ^f^U^to^2rtx^) . . . (5) 
give the inverse pairs 
\v(x+y) = (^^r-^^ ^ . , ^^ P X 
\ ,1 , ( - ) . \ ,1 . (3^) = ( - ^ ) ' ' ^ X 
r=o lr_( 2^+1 y 21)+1 )2^ 
(8 ) 
f a+n+1 n r _r ^ «^ 
[n rsO [r|a+r+1 
. for The las t of these 3iaE been given hy W.N.Bailey y*^.' 
the L - function (10) and (11) 
.F.(a;c?2x) s i ^ .1''1( 2a+2r}C+2r|x) . . . (10) 
r=o |£(C)2J. 
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- ( - 1 ) ( a L 2r 
F (2a|c*x) « r - ; £ 3c . p (a^j:jc+2rj2x) . . . (11) 
give 
|a^B+1 n («i r [2i i -2r «^ „^«_ 
.2r In fa+2n+1 n x"^ ^^„„ 
4i(^) = "^=i ^ r-T^ , ^^ "^^ ^ (2x)... (13) 
"^ ^ ]2n r=o !r_ [a+n+r+l ^ ^ 
The correeponding rsFults for"ttie M - function appear leee 
iri3®^s^1'i^S» 
Again ( U ) and (15) give^^daMi^  
^ r=^ |rL(c^~1)^(c)2^ 
^P^(a»+rjc+2r}x) . . . ( U ) 
ana 
.F (s?c;x) . / (a ' |C |x) « 2 : £ £—x ^^  
^ ^ ^ ^ r=:0 lr .(c)^(c)2^ 
\jl'^(a+a»+2rjc+2rjx) - ' " © > 
give 
Mj^ ^ (^x) xx^^-^ 2^ 8xp( - | ) X 
( - 1 ) ^ ( b ^ ^ ^ ) ^ ( l 3 H ^ s l ) , ,^^  
^(2^*1)2^ 
oe 
rao |r_(2l3+r) (2t)+1). T t^O+r 
\^M* \^,\iM =x^+2 Bxpi"f) X 
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r = d 0 t r . ( 2 H i y 2^+1)2^ 
where K =il- i^ ' -b- ^ ; and 
^"- %-r,l)4JP^^^ (17) 




Ka^m+r+D j a ^ ^ f l 




miji(ni,ii) !m+Ta-2r x 
E ~ i = = 
rsso 
2r 
[r_ |ip-r [n~r TeTiFfl 
iDHJi-2r (19) 
"••' 
' • - > 
. V -' 
2?he formula .F . a 2x 
2a ; 
= « . 0^1 
- ; 
s . 4 , ^ . . . ( 2 0 ) 
.2r 
e^ := r ( - 1 ) ' 
rao 
^^'^^^ ^F^(a+rj2aH2r;2x) . . . (21) 
£(a-^  2 V 
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a+ •* ,2af 
(22) 
give resailte for M v of which we isey record 
^ 1 - ( - x /4 ) ' 
r«o I^(K1)^ °'^^ 
Whili!i(23)» (24) end (25) j ^ - ^ - ^ J -
, ? , ( C . 4 , c, 4x) . T - i i ^ ^ x ^ . , I^(2c^r .1,c*2rj2x) 
1 ^ 2 r^ l r^ (c )^ (c )2^ 
(23) 
,2r ^. 7 2 
^-,?^(2c+r-1? c+r}x)S 
V^ IrL^ c)^ '^ ^ V , . . J (24) 
« (2C-1)_ x' 
y nil. .1 II ff.. 
• ( 2o -2 )^ X 2r 
, V i . .P.(2c4r-2jc+r|x) K 
r=* !£.( c)_( c-D^ ^ ^ 
^F.(2c4J?-2; C4r-1|x) (25) 
give eltornatlve expaneions for M^^  vr;. J*^ correeponding 




Hypergeometric functlors of tliree Variables 
5 .1 , Introduction j -
l a u r i c e l l a has ntudied the hyper geometric f u n c t i o n ^ f 
n var ia t l eB. In pa r t i cu la r he gars the proper t ies of four 
hypergeometric functloas of thrae variahleo namely, f^y,?^^?^^^8nd 
?^l Apart from there four functions, I^xx^n^ella Conjectured the 
existence of the other such function^, 
l a t e r on, Taran |27jpege (78 ) j defined and ohteined 
some of the important proper t ies of ten\functions*.<3L dOiu , 
The Z in the function defined "below means t r i p l e 
summation extending over a l l posi t ive intp^inal values of m,n and 
p from aero to i n f i n i t y . There dire nine parameters in each 
functions ( th ree a ' s , threep 's and three y * s ) . 
The f i r s t , second and tlie th i rd parameters of each 
kind is associated with the integers m,n eijd p respec t ive ly . 
A reppated psrameter on the l e f t indicates the presence of a 
tern withciouble parameters in the r i g h t haild sum. 
The numerator and the denominater parameters are 
separated by means of a semi colon. 
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5 . 2>!GGE TRIPLE HYPEEGEOMETRIO FUNOITIOHSCFTAPRIOBLLA AHD 
SARAN;-^ 
Lauricella(ji. |\ S]^ *^'''*^ ®^ ^^^ existp-nce of fourteen complete 
t r iple hyper geometric functions of three v-^riahles and of 
second order. Ten functionsi^cre given by Saran^ " include 
bhe four functions }?p'^  , F | ' ^ , F^^^ and F ^ ^ given hy 
Lamricella^Iiauricella's numl3ering of these funotioivisk i s 
indicated on the l e f t . 
Definitions!— 
in,'Yi,p=o (c^)j^ (cg)^^ (c^)^ Im k fP« 
P-,^ = ^I^Ca^ta^.a^Tb^.b^.h^lc^.Cg.Cg; x,y,z) 
, ; ( ^ U « t ^ l ) ^ n ( V n '''"y"^" (,) 
m,.^ ,p«o (c^ )^  ^°2W 1^ ' 1^ '>^  
?Q S-FgCa^ta^fa^'ih^th^tb^jc^jC^jCgj x,y,z) 
?^ SP^^(a^aj,a2»^^»l)2»^1* °1*°2*°3' ^*^*^ ^ 
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m.'vi^ p-o (c,)jjj (c^)^^ (C5)p t |n^ 1P_ 
(4) 
^11 • ^M^»^2»^»^1»^^2»^1'^1•^2•^2•^•y»^ 
0 0 .m n p h>m ^ W ^^IWP ^^ 2^ n^  y ^ 
m, ,-^,p«o (c^L (c^) UL |n !_£_ 
(5) 
^6 -^N^»^»^3»^1•^2»^1»°1»*'2»^?» ^»y»2!) 
oa 
= 2 (6) 
^12 ^ ^p(^»^»^i»^l»^1»^2'°1»°2»^2' ^»y»^^ 
.1 SVpH^n<^W^^^>p-" '^Z 
m^, p=o (c^)jjj (C2)^^p IE , liL 1P_ 
(7) 
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^10 « ^B^»^»^»N»^2»^1*°1»°2**^2* x,y,z) 
Frj - VgCa^fagtag.b^tbg.b^jc^jC^.c^; x,y,2) 
^-IVSU^^P^V.^ ^P-^^^-^ ... (9) 
m,ni, p=o (c^ ) ^ \m |n_ 1 p_ 
^13 ^ ^I^»^»^»^1»^?»^1»c-^»°•^»01> x , y , z ) 
^ ^ m ^^in-p ^^^m^o ^^2^n ^ y"" ^^ . . . (10) 
m.'> ,^p=o(c^ )^ ^^ ^^  kL liL JP_ 
A^^ ^ H4i>i^i°i»^2'°3' '''y*^^ 
« (a)^^„^„ (b.) ( b j „ (b_)^ x ^ y " zP 
_. £ S±fl±E hJH 2 n 7,P. , , , (11) 
m,np=o (c^)jj, (Cg),^  (c^)^ im l5L l£_ 
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^ > r , ^ > « ^a jp (b.) ( b j ^ (K) x ^ y V / i« . 
_ £ , T rg, 2 fl , 7 ^ 1 m 2 n 3 p . . . n 2 ; 
in,>i pao (c) jm In |p 
?P^ (aj b; c, ,Cg,c^; x.y.a) 
iD,nr>^ p«o (c^)jj. (cg)^. (c^)^ i n Ln Ifi-
T> ^" ' (a;b^,bp,b^;c; T:»y,3) 
0 0 
t,-M,p=o (c) .„ l i la_ 1P 
'm+n+p 
T ^ gonvergenoe of the lauricellg. 's four funotloii>^ *. 
F p ^ conveT^s^v/hen |x | + jyj + | z | < ! 
F^^^ ccnvnrgo>>\7liori jx! < 1, |yj<1, |zj<| 
« 
F^^^ conve3:ge '^vhen |Yx| + \fy\ -i- jfz! < I 
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F^^ conrer^whfin |x | < | , | y | < | , |2 |<I» 
5.3. SRIJTASTAVA^S FUNC!PIOHSf-(H .^ Hg and I^) 
Si ivastava gave three complete t r l o l e hypergeometric 
function^of the secoi^ order. 
Definitions '. 
H^(a ,b ,b» jc ,c ' ;x ,y ,z ) 
:^ I —S±2 Jai^ S±2 1 . . , (1) 
i.-^P^o (c)^ (°')n+p IH In IjL 
{{^(a.bjb'jc^.CgfC^; x ,y ,z ) 
_ 2 iptB p ta a±a . . . C2) 
m.-n^p^o (c^)j^ (cg)^ (c^) Iji (n_ |p_ 
H^,(a,b,b ' ;c ;x,y,z) 
. r ^^^^^o (^>..n (^ ')n.n ^° ^^ ^^ (3^ 
ir-,v),p.o (c)„^„^p jm Ln (P_ 
Tfe^g lon of Gonvergence ^., 
r + s + t a 1 + s t , r + s + t 4 - zYrst » 1j 
5 50 
!iM \K\ < 1, iy| < 1» J3J < i respectively ^ 
\#iere j:cj <r, jy| <r., }::j <t ^ 
H ,5«9n'?-^ '»ll3e? both of t V ' e « 
:s, y or :» In H s^ 1?^^ or % a^ i ppro i r l i t e . 
a^iKlojr •t;ai'3 t::?c t r iple h'>- t^- ^oiaet^l'? ^anetloiMi [^3] 61^ (^ 61^  
AAA 
- t^)n„^ ftU. ("•)„ ^Va" 
i : 2. • *M|,*iiiii •»jnj»wr*:Ji3wM»i»j »iiWimfi»*Miih.,»t). i w III. « T mr- i r r i i •I-TTI T'mniii T i w i utn 
, ^ , n ^ ^«>R^-m \m_ [ji^ ip_ 
'tiother hypcra^ot^otrlf •^un^tJou nf tiasv e^ T riablen l* 
H 2^^ " [-^. 1 L V 7 3« '=••''• 
' i - r ^ ' t '^ 'P,'^ 
•• . iMiH'iiW'»wiw»liwiii •»iiiwr Wiiw ii •'•••i«»iMi>^ •Bfcl'»iw»n» 
J 
'•,n,M-o a , ) ^ a a ) ^ (7,)p l l L l n L l 
•^  ^ u k^ > 1''^  !^ li_ 
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f^ ^ Of S l ^ l V A S T / i V / t -
In this Bectlon^H,r,Srlnnta^ niA J .p , Sln''hfa[36^355«35aJ^ 
-Lot ? L^»^t2j ionoto a Teneral t r i i l e 
hy^eri^onetric erlen; dn^innd by (1) b^lof, ^hlch v-o 
liitrodtt0 3i a i r l i e r by i>rlvintavnpOj, In the pren^^nt n^ction 
otAvy.ciinBlon **oiTiala Is obtained for the ^iiiiatlon ? [xf- t ty t j 
In a R3rl0n of 30.?Qr3 of t Invnlvlng the iro^ucts o"^  
two >|enQraXijij«i liy^ej cjcKnctrio funotlon||« 
Introdttctloni«» A jal^loitlom of L^uri-'ella*?' •^ourt'^en 
hy)OTg^ot«\!itrlo ^aiutlonn i?^»,,,, F^ > of throe vnrLibloB 
[ iSp^lu] -u^ the iddltlon-il ^un'-tlomll^, Hjj nttS Hf,f34;ip()»''9-1<W 
r.a Introiuoed by i r lT .n ta r i |5'3;p»428l who tiefln«d tbf? 
tri:5le hyMrioonJitrlc rerioa. 
.(3) 
\1 
(a)jJ (b)i (b»)l (b»») I (o)j (c»)! (o'«) I 
( Q ) : 8 ( - ) ; ( - • ) ! (ff»')8 ( h ) | (h»)? (h")? 
, y »:, •^ tiW'nfg ^ ^P4-n «- Vn»a '- ^J 
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X t(°)]. Ko'^n U^'Hv -" y" -" (,) 
[(h))„ [;i>'a„ [("")Jp iB k k . 
where for the salce of brevi ty ; (a) i s taken to abbreviate 
the Bequence of A paiameters a ^ . . . . ^A»U^Un ^^ ^^^^ 
in te rpre ta t ion 
A I (a.+n) 
U -^  >i. and so on 
0=1 d 
The object of t h i s Bection iB to f^erive an expansion for the 
fonctiorj F^ ' L^'^'it^] ^^ ^ cories of powers of t involving 
tho products of t.vo generalized hyper^oinetr ic function-^ • 
Moh'.—!Phe functionn 1., PQ, 5*^^ aro the same as l a u r i c e l l a ' s 
t r i p l e hn-ier^corartric .^unction s F. , F^ and Fg r e s p e c t i v e l y ^ 
while. Fg and f„ Saran*s notations [see 27J Lau r i ce l l a ' s 
•^urctonr y. "n(\ y. r . ! -^ot ivplyfcee 15>D,114] | 011? -
I 2 and ^ i x^® the ccn^laant forms of L-auricella's F and 
A.opell*s F- resoec t ive ly . 
The expansion formula J-The main r e su l t to be proved here x^ 
U)ti - ; (b); - : (c) ; ( c ' ) ; (c")? 
x,t,yt 
( e ) : : - ; (.-); - t (h); ( h ' ) ; (h") ; 
P (3) 
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- i(-L iMh C(=')ln .. ^ 




G • • • \ 2 ) 
Denoting the left menber o^^ty I we have 
I « E 
CO ^i[(a)') [(b)] C(c)J C(c')J f(c«OL r^-y'yP 
fCe)'] r(g)l 1(>^ )1 Qli'J f(h»'f| jjn I ft^ 
.ra. 
X ^ 2 -
|m. [n [p_ 
' ( a ) + n , ( c ) j 
A^c^S+H 
(e)+ifi, ( h ) ; 
(.jC-H'.l ^^  





which coFpletes the pi oof of/2^ 
1-^fi 
In t h i s Tsction i - ^ r a i n Bunnnation ^onnula^inyolving genera 
(5) 
t r i o l e hypOTicomctric norios f^^ (x,y,z) "-iven "by 
1 .A.?it:aan f2v»|j».72:^ gld <V^  vwtdlryvJL. 
'^=0 
x , y , z 
o : ; - ^ - . *—? i cx+1;a+1;- ; 
|ji_ ( A - 1 ) (b-1) 
- f i - 1 ; o-l3 J 
a-1:j"b-1;-;"-:-n ; 
C - 1 ; : - j - ; - J r f + 1 ; 
L. 
1 
nt f1 ; - ; 
- t / f -^  ^t^f-
v^iere tlifi alabr^viation. ^'^X'^ J^^ ^^ ^^ - ^ to in.diC'\te the 
araf^ence of a second "ZP-^'Tf^ th.it or igim.tes from the f i r s t 
"by in ter chriimAng x and y, 
0') Surmation fbmula ' 
^=0 U__ 
t t ~;~;~J c:+1;a+1; - ; ° 
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(a+1 ) ^ ^ ( c - l ) (z-i-1) 
ln_^-^) (b-1) (x-y) ' 
(3) 
- IS a -1 ,b -1 ; - ; - t -n ; -n -1 ;c -a tC-b ; 
z + r ^ z + T * " ^ 
c - 1 : j - ; - ; - i a + 1 ; a + 1 ; - ; 
-X^y 
J 
5 . 7 , 1 ^ SSffSR^ !I!RI?LB HYPBRQSOMIBTRIO SSRIES % 
In t h i s section^/^uimnation formulae \given by 
Summation fonntila*^. • 
mso |m In-m 
.(3) a:»'bj-;-J-m;m-n|d; 
p+ z » p+z p+z 
L c» : - ; - ; - ; a+1 ;p+1 j - ; 
<-^ >° (°)n (^)n /x+y 
n a,p 
(1-a) (c) 
'n ^ 'n 






. . . ^ (1) 
u; 
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n(-p-n) (p+1) (2) 
I a f "bi-niiin-n ; 
C!a+1, p+1 ; 
2 •.«£_ 
P * P 
n 




.(2) ._ „ _ ^ / , « / 
where P^ ' is Kampe de Per ie t ' s hypergeometric function of 
two variables In the contracted form of Burchnall and Ohaundy^ 
Qci taking ps«1, aac; ( ^ )reduces to a result of Munc t |>,c.^  
n(-e-n) (a+1) 
mao la- n-m 
d(:-^,'^~^:<\\ pti:,x,y 
^(.1)^a),[(1^^f ( x . y ) - P ^ ' N ^ ) ... (3) 
In (1 )^  put d « - k , a a *l + 6, c = ^ + 1-lc, then we have 
n (-p-n) (p+l)„ „ 





Af^-l-lci j - ; - ; - i ( x + 1 f 3 + 1 ; - ; 
P+Z p+2 p+Z 
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5,8^ A RHLATION B3T.yEEH F^ ASD PJ^\ 
B.L.Sharma and P.C.Jain gave four generating functions 
involving the Appell's function ?. using a familiar technique^ 
iypical of the formulas prQvedi<iJ28j is \ following i 
2 fh\ P^  r-n;-b,-yj ^ -n+1;x,y]^P^(6;-n,a?pjZ;W,z j t*^  
where the function pp is due to S.Lauricella, 
5.9 AWExmsiQN 0? f 5 ^ , X H T 0 T^ "^ ^ <:>f SiXV/k^TAV^^ 
H.M.Srivastava gave a general result [33 J 
(a) tC-.n,(b); S^T -n, (!)') ; 
x,y 7 M 
n=o \^n / 
,(2) 




(1-z) - J X - 1 
nao 





(c)+2n:» (A)+nj (d* )+n; (d)+n; (d« )+n ; ^^'^ ^ ^^ ^ 
iw~^*^ (a) is an abbreviation for the sequence of A oarameters 
a^  ,ap,»i-rfU'.-,a., L^^am ^^ "^  *^ ® interpretation 
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A 
A - » - B £ C + D a n d A + B ' £ C . f i ) » ^ 
5.10, CHr::\I : JOIfT?LJ^ TT 'iY^-7G--:(? ETRXC ?j:n?Tr/|SOF 
*—"-^ A ^ i V^RlAmBa 1 ^ 
iefineflLthe coinfluent forma of Lf^urlcella's 
fanot lon^ Pf^  Pi^ a^nd Pj^-^lwee confluent forms P, ?. ^P. 
-\, B D' ' A -^' Ag A« 
of P^ k^a? P^,P2ip3; .,f '2» 3» '^tytz) " ^ " ^^ -
follo^^'S. 
: i ^ ^^(«;3i.r>2.^3i1i.l2.1f3J^.y. - f ; ) 
3 ^ 
'J^.« _ \^^ ^«'^ i"^2'^ 3'Ti'l2'i3'^ 'i,' i ; > 
and 
3 " , p 2 " ^ . c ^ r. , . ,^  P2 ''3 
P^ (a,a,a; ~; - , - ; ^^ff2*^y^*yf^) 
, %^^ -f<«''^ i.^ 2-f3'fi't2'V n f - f / f; ' 
1 
S'tp'llnrly confluoat forms are defln-a -for ?lr nn«i ' i . 
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5.11 A ^ ± ^ b^teu^ r^^> . W f ^^^:— 
^""^ ^ b t ' i a a the iisnoratlnf't r e l a t i o n ^ 3 2 ] .fs^f ^^) ^ ' ^ S ' ^ 
:ilkJ^.(2) 
n=«o ( e ) 
n 
(a«) s- n, (a ) ; )^+ri,b+n, (c^)? 
i\) » (b )^5e*n,C^ )^ ; •^y 1 i r 
'd -t)-A ]ff 3) 
^ t i«-;b, (oK^ ) ;•» 6 - b ; (a ) ; (c^) ; 
fhere j t j <1, /here ^ [x.y] 1^ «^ K/^-w^^J-^-^-
j?e*rl0tfe double hyp^r/^ometrlc -^onctfon <\n6. P^^^f-^^y^zldonate 
B t r i p l e hy-Jsr^eD'-etric nerlsa of HJ'.Srlvhstava^ 
hie j'^.'earch ^ i i e r 1'^ *"*.] 
1 i) A 57aar form \ t,ion is "Ivsn b^ * / 
la+c 
a ±1^ t dj f? 








l-2ir f i ^ j ^ 
» ! - • c-y 
?'i?Wv; --f ,c+V,d;g,2»-|.1 ,eix,v, is) 
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where F^^'^ls hypergeorsetrlc f u a c t i o a of t h r e e v?irl?ibl0S •• 
(\^ \ t ransfor r -^ t ion of f^ ^^  i n to f^^-^ie given""^ "^  
,(3) 
- SJ a ^ V ! - ; • I g - f ; d j c ; t 11} 
a+c i i - ; - j - I*;©? - j 
1 
«/(x4.y)'^-« ^^^^^^ s yy _ _ _ X 
0 ' < ) ^ ^0^miction forgal-^^/t^ ^ > £ > M ^ ^ 
(3) 
a + V JS - f - l - jci|--;f; 
a+ c t i - ? - j - { e j - 8 g J 
yfX.-it 
t.(2) 
a ^ 1^  I ^-*;d} 
a ••• c I p^t Q ; 
x,y i 
C jv) inothar trainfoCTs-ttlotV^/iHia^AbWr jMiilflur ; 




I ^ r.-V |c-<r 
y-* 'XF2{a+» . '5 .o<» ,g ,?»+l !X,y) 
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a + c I(-2V) Ia+» J c+v 
— £ |a + t^  l*,~v jc-oT (1-x) a+V 
2^ 1 
a + ir, c + y 1 
1-x 
2)f + 1 
(.vD'^ ans format ion formulas for P^^' in different forms 
are given by ^ 
a s» "b ; - ; - J g-f;d;c- 'b; 
(3) 
z+r^+»' z+1 
- iJy f'^ 
- j » a , b ; - ; - : g - f ; d ; c - a , c - b ; 1 
- 2 -Z 
= (a+l)** P a . ( 3 ) 
c : J - ; - ; - i!g;e;-; 
a,b u -;-^;- J. d;-;f; 
^ x-z , -X 
-
c : : - | - . . ; - : e j - j g ; 
iS -
V'^ l ^ i n t e ^ a l representation* j ^ F ^ ' ^ ^ ^ J ^ ' ^ ^ < ^ ^ 
I , 7 t'^ e-^2z+(|) .x-y))t/2 (p^j^, (^^w (y^)^^ 
0 K,jN 5-^y n | j^ 
H2 
X F (3) 
a + ^ 8 1 «>-;^j-?-i "5 -r-^^f ^"'^-••'^ ? A - '^  + '2y 
a - lc+•«:x-.; - j - i?t>1}2"^ + 1 ; - ; 
.'/here a * ^ + I P + ' ^ ^ | , Bf!(a+/^) >o ai*i 
Re (2z+p-x-y iP^^x-^ ^l>o 
where L^^-^Ut), V ^ y t ) ' = i r e "hl t taker 'o fonctione^thiD 
inter^ral i loo can be /r i t ten as 




'5+p..^  3+p P 
j f ^ ^ +-5) ,a- J. 
.(3) 
d±h »^ -?-»- * i ^1 -"7 ' " • h^ + » J 
a- lc+I IJ - j - ; - ! ? "^+1?- s2yf l» 
—* # 
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Applicationc of epecica fnnctione 
6.1. Introduction t-* In thle chapter w» ehall die CUB e alwut 
tha itnportanc* of epaolal function In appXltd Bathanatlci < 
Brlaf dagerlptlon of feetarch probleo-
Tarloue teclinlquae of Integral opsrators and operational 
calouluB arc to be applied to special functions theory In 
order to obteln certain reeulte vhlch mey be of ride Interest 
to pure Kid applied sathesntlce and other hranchee of sciences. 
Importance of recearch problwr. frcw the point of view of i -
(a) leteet advencee/developiiwat lr> the fleTA or new/inter 
dlBclplinayy eubjectt-
Important work hss been done to apply the special function to^ 
The theoiy of einueoidal signals with gaupslen nolse^ 
Quantum theory and l i e tlieory^ 
Heat conduction and elasticity; 
Statistics and approximation theory 
Computer science and engineering 
Methenetlcal Btatistios,Chemistry and theoretical physics. 
B? - " _jto obtain Eoae results which inigr connect 
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th« theory of special funotlon>> to eoD« of the above 
mentioned Pubjeetc. 
(b) Ttp reltYance In the prerent netionel context »-
The developsmimt of isore re^id and efficient electronic 
coPBUtere hpe repwlted in the ar^alicp'tion of Fpeciel function, 
puch a^pliestion may be rp^Brdi^r a practical r ea l i t y , 
Fttidii»c of T)roT)orei? work nsy teke a new direction in the 
field of rcienoe snd rbould r)rov-> to be of rjreet intprart 
to rep©Breh workere of India. 
6.2>/pplicetionA of different functions [sjt^j] i-
(•) /'pplicgtiony^ of lerendre ^oLynoiriE^i-
ruentinTHPeehanice, e l ec t ro re^e t i c theory^ hydrodynarlcf, 
"^^s^ conduction, other problcce of Fi^hericrl pyoretery^ 
i\\) APPlicrtion>^f BeFpel funet long »-
Icud-epeckere deEi^,optical diffrettion^vibration of e i r -
culpr rerV'rpnae end tjlptef rcrtterin.e of eound by cireulrr 
cylinders, other probleme in clcrr icsl end anentuir phyrice 
Invclvinj? circular or qyllndricpl boundprier of Poire kind. 
l'\\\) Relvin function"^p are uced in electr ical enfjinesrin*, 
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apherlcal b»eg»l function era aleo ueed in quantun DaehetnioBl 
fcatterlnir thaoxy* 
Ou) jipplicatlon^f HaiPita polyniHRlal «• 
QuentuR Bsechenicel hannoniee Oeelllator* 
N) ^pplloetion^of leguarra poXynoirial t -
Reflection from the end of e long tranemlEeion line 
"tenrinetpd by e lumped-Inductance^cnienttiiD mechanlcel rtudy 
of the hydrogen atorjtransrlrf ion line theory, Felfpologicel 
in veetlgetlonr, eleotrociagnetic wevee theory. 
UO /pplicatlonAof the Chebyshey polynon-ielat-
Polynoriel epppoxiasatlon to arbitrary functions, electrical 
circuit theory. 
•^^ ) /pplic8tlon)k>f tfegenbener end Jecobi poXynomielP i -
Yerloue brenchea of phycice and engineering, trenc ferret ion 
of epherlcal herronicf under the coordlnpte-rotetione. 
(NjiO /pplicstlonr of the Ifirpergeogetric fUnctionf j -
fhiiB ie the roet general of a l l the rpecial functions 
ooneidered* Ihdeed, a l l the other epeciel funetlon/> and 
o-vwvyHj^ leBientpry functions, are jUFt fpeclal caree of the 
hyperffeoiretric function/^ » ueed in methetretlo&l pnalyrir, 
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(i ^) /PT?llci»tion;s of other fpgcial ftmetion/^g.—-
fhesa functionA heve uraful inforretion in tablt of veluee 
of function Intagral. 
Hot» t* Bomtt of tha luportenea of Ell iptic integrals l iae 
in the following theorem, [ 5 • )> • 2-M-. C 1=5; • I c • o] 
y^oraiB i»Tf R(x,y) ie a rational ftinction of x and y. and 
i f P(x) ie a oolynotcial of degree et roet four* with real 
ooefficientfi, then /R|3t,Tr^P(x} 7 ]dx can be expreFfed in 
tertcB of e l l ipt ic intefp?alB. 
(^ > t?gft/^ f Probability integral ^z) m JK /e"* •dtt-Theory 
0 
of vibration, tranrveree vibration of an infinite rod under 
the action of a enddenly aoTslled Os^centrpted forct>P«>bebility 
theory, the theory of errora, heat eonduction^nathemetleal 
phyeice^ CooJLing of the rurface of the heated object* 
_2 e 2 (^ 0 t?e»6of the function F(B)» e ^ / • du 1-
0 
Klectronegnetic «ave*r theory along the terth eurfeca and 
B3ath«natical ohyficf. 
(<i>> Ue»>>of the Rreenel integrelP g(x)«p(f)t— 
:j)iffraction theory, theory of 15lbrption. 
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bK]\\)VBB/rof Exponentisl Integral>S l^Ax), "BAx) oritVCx) i -
Ant«nTiB theory* phyFlci, enpineering» electroffa^etie theoryt 
redlatlon of a llneer-'felf wave Opcilletor. 
fckV^ rge<^of loggrAttefic inte<nrel l i{x)>-
^uwher theory t<*iielypi»» 
(^^ UfeSof the Orthogonel functlonSt'* 
/\nalyelB of fotirler reriee end fourler-heerel eerlet^ 
^npllcatioi^ln Ij^^endre, hermlte* Xeguerret ehebyfhev and 
Haeobi polynor isle,met heretical -hyeica, aporoxteatlon theory, 
theory of nechanlcal quadrpturee. 
bcvi) Applicet lon/i8>X!yllndrical fun ctAon^ t -
Soundary value probleir? of potential theory, the dl r lchle t 
problec for a cylinder, for a docsein bounded by two paral le l 
planee, for a wedfe, the fi^lfl of a point charpe near the 
edp:e of a conducting eheet, caoling*^ hpat^d cylinder, 
diffraction by a cylinder. 
(x^W) /pplioationsj^epherical harronice f 
The field of a point cter^e inride a hallow conducting ephere^ 
d i r i ch le t P'^ * !^*® ^o^ » oone,Bphare,rpheroid,hyperboloid of 
H9< 
revolution, torur.dotrein bounded T:y tiw) intersectIntt^ephtree^ 
th« OTe V It fit Ion B1 et t rpct loi\ of e hoirt>pen5t«>«*6 eol Id epher ^  ^ 
^ A^tiO 6 ^ "^ ^^  /pplicfitiong of Hyparfoaetrie function tP,( a »f«» ^ J ^ ) *"" 
Conforcal nepping of triangular docainp bounded by l ine 
regBianta or circular arc»» ouentuc: nachanicr. 
^'^ /pplicetionA, of confluant hypcrgaoiratric function p 4(af 7 I8)»" 
/nalypie, quantum inechanice» di-^richlat problan for a parabolalc 
oyliD|(fi%.^ ona and two dic>aneional wavi^aquation^Heat aauation, 
diffueion equation^boundeiy vrlue probleDia bceed on the 
irethod of AtparatioB' of verieblee, boundary oonditiont, the 
circular Biembren^> with baaeel ftinctionf, both ends of a bar 
ere at rero teippcreture, inruletad faeaa, one face at a 
tecipfirature, teirperature in en inf ini te bar Fteady flow of 
heat end heat conduction, teirparature diftribution of a f in i te 
plateCone ride inrulr ted) . 
The deTelopcent of icore repid and efficient electron ice 
copputere hrF rerulted in the application of varioue EetheBsaticel 




Tlits» include oechanicaX etigiaeeriiigt oslestiaX meehenicst 
seyBptotlc theory» gtne^ieef operational repearch, tifisi 
oocnmmicatloii enginterlni? and h£at conduction theo£7» 
The advent of feet eorputprs geve the core ahUity^ actually 
to evaluate nuBerlcally the multiple hypergeometrlii functioni 
at any points whert they are defined, /n Intaneive rtudy wee 
iBade In Buropet /irepica end India of thepe multiple ^net lone 
and thle rtudy produced another exploeion of knowledge of 
the rubject, 
Moet of thefse applicaticai^ l i e in the fields of r t a t l e t i c e » 
phyelcB,operational reeeerch and engineeringt the fiaiction heve 
potential usee in a l l probleiiB concerning the eolution of larf'e 
Fete of differential ecuatiofiu^ with eeFeral variehlej»>and 
peremetere, liogt of there prohlaBS are only now bei?inning 
to be '.«o«(>lored by there analytical eteanf^ i ec an a l t ems t ive 
to the number crunchlnp rethode which are very expenrive in terre 
of oomputer ueee. , . 
Thus there ere eoine appIigigtioof;>46yB!ptotic theory*boundary 
probleiai?, celeptial aiechanici? (HiJl»p e^ t l on ) , dee iMon theory# 
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dlfferentiel equation, e lePt lc i ty , ganetiee, heat conduction, 
ilyper e l l ip t i ca l equation,Intsaral equatlone^roechanlcel engineej 
Ing, ooeretlonel remereh, pertttrbetion theory,potential theoj^ 
«^antum iBechanlcB^etetletiop, telecoKmini cat lone,the hard 
limiting of several Binu eoidale slipiel8,vlhratlons of beane^ 
functional eauatione,characterieation,BtatieticBl dietribution 
a generalized lame equation and the generalized vaber equatioi 
/^chrodlnger'e equatione ^dual integral equations with trUji^*nietr: 
^emelB, the solution of the tiBe\^-Pochhaimier equations, 
iGultlimriate normal dietribution, generalized bete dietributioi 
the distribution of the ra t io of two generalized ganana variatec 
:^pectatlO!iE' aeFOelated with oult lple beta and garaua d i e t r i -
butionlp, tntegral-Mnvolvlng several bee eel fiinctlon§. 
)S:i-
APFEHDICBS ' — 
[ 1 j / b gegy and short proof of I>aggpdra*s <^plloatlon 
m terms of [n , InTJ" ] \ -
Tha darivation of tha raquirad formula In diffarant givan ty 
B.2).RainTllle{iSl^ ^^af^ :^ ^^Sed (^g$*4toW .^ Sinoe wa know that^ 
i f a i s neitliar saro nor a nagatlva integer* than 
va^ 2n - '^  ^ 2^ n ^ 2 ''n 
Jutting a « 1 w^-^Uiy:' 
Cl)2n = 2*fi»n (^n 
|(t^n • _ 
Sino« ( a L = , , f 1-KX -a lcrTf ilyT""* fi*» IT"* 1 
, fa '''^  ^ 
[1+2n 2n ^^ 
^ 2 ^ ^ r -J + i!i M-ia 
en 
I ^ rm 
.\ 2n fH" « 2 ^ 2. 
. v^ [^«22^-'' i r (ITT 
This i s tha our raquirad lagandra's duplication formiaa 
L 2 1 Haw Bimplaet proof of Gauss *B>r^ultiplication thaoram *~ 
Since we know that i f « i s neither zero nor a negative 
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isttgiiv ana 1c ie a foaitiva iiit«ittt t i« a vim mm^l'n ie^^me* 
ttttiHR « • If (W^-%^AJJ> 
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-^.xirt^Like:T\iir«rfisif! t h t ©rSar of r t i l t l p l l i ^ t i o a i n B Ui-^-fejOj^  iTt^Jdi e: 
B (f • |-l (t-1) frv^4(t--^3*' ^^^ 
fdw-moltiplylBi: (2) ana (3) me grt 
S^ p •R]-{|| 'i(i- ^  ..{^'Ip^^^l^ 
, ^ •1 
»IB^)» 8iia / | 4 ) . . . j iiaplij* ( ^ 
f « ^"[^ iia f . iiB 1 ^ ...... titi ( ^ ^ 
i5b 
% 2 n'^ "^  i^i^"^ 
n (;r^- (a.j^.k(i-^.iG , 
Bnl 
' 1 111) mmmmimmtJLmmimmummMUimmmm'mmmfm — i n — » r t i • ' m MiHiiiiiniiriiiiniiiiiii' •• 
Bart ( 0-llB*f )* ( ©"©•b-^^lNr't) 
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